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ABSTRACT Motional displacements of hydrogen (H) in proteins can be measured using incoherent neutron-scattering
methods. These displacements can also be calculated numerically using data from molecular dynamics simulations. An
enormous amount of data on the average mean-square motional displacement (MSD) of H as a function of protein
temperature, hydration, and other conditions has been collected. H resides in a wide spectrum of sites in a protein.
Some H are tightly bound to molecular chains, and the H motion is dictated by that of the chain. Other H are quite independent. As a result, there is a distribution of motions and MSDs of H within a protein that is denoted dynamical heterogeneity.
The goal of this paper is to incorporate a distribution of MSDs into models of the H incoherent intermediate scattering
function, IðQ; tÞ, that is calculated and observed. The aim is to contribute information on the distribution as well as on the
average MSD from comparison of the models with simulations and experiment. For example, we find that simulations
of IðQ; tÞ in lysozyme are well reproduced if the distribution of MSDs is bimodal with two broad peaks rather than a single
broad peak.

INTRODUCTION
Joerg Langowski was a pioneer of combining simulation
and experimental neutron-scattering techniques to understand the structure and dynamics of biological systems in
solution (1–5). In this spirit, we present here a study aiming
to understand and bring insight on dynamical heterogeneity
(DH) in proteins through testing models against molecular
dynamics simulation and neutron-scattering measurements.
This study is dedicated to his memory.
Incoherent neutron-scattering methods and numerical
simulation have been widely used to determine motional
displacements in proteins (6–27). Enormous progress
has been made in measuring, interpreting, and calculating
mean-square motional displacements (MSDs) as a function of temperature, the level of hydration, and the level
and type of solution and of applied pressure on the protein (10,20,25,28,29). Because the incoherent scattering
cross section of hydrogen (H) is large compared with
that of other nuclei, the observed MSDs are dominated
by those of H. There are typically 1500 H in a protein.
These H are in a wide variety of sites, executing a wide
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spectrum of motional displacements. In this study, our
goal is to incorporate a distribution of H MSDs into
models of the incoherent intermediate scattering function
(ISF), IðQ; tÞ, and the corresponding incoherent dynamical structure factor (DSF), SðQ; uÞ, where Q and u are
the wave vector and the energy transfer in the scattering,
respectively. The aim is to provide information on these
distributions of MSDs by testing the models against numerical simulation of IðQ; tÞ in lysozyme and SðQ; uÞ
observed using neutrons in human acetylcholinesterase
(hAChE).
The incoherent ISF, IðQ; tÞ, which can be calculated
directly from molecular dynamics (MD) simulations and
from which the incoherent SðQ; uÞ observed in neutronscattering measurements can be obtained, is defined as
follows (30,31):
IðQ; tÞ ¼

N
1 X
Ij ðQ; tÞ
N j¼1

N
 iQ , r ðtÞ iQ , r ð0Þ 
1 X
j
j
e
:
¼
e
N j¼1

(1)

We restrict the sum over j to a sum over the H in the
protein.
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To construct a model, we note that IðQ; tÞ may be formally
separated into a time-independent part, IðQ; t/NÞ, and a
time-dependent part (30):
IðQ; tÞ ¼

N

1 X
Ij ðQ; t ¼ NÞ
N j¼1


þ Ij ðQ; tÞ  Ij ðQ; t ¼ NÞ :

(2)

The time-independent part,
EN ðQÞhIðQ; t/NÞ ¼

1P
Ij ðQ; t/NÞ;
N j

(3)

is denoted the elastic incoherent scattering function (EISF)
of the protein. By following (32) and earlier work, we propose a simple model for IðQ; tÞ:
IM ðQ; tÞ ¼ EN ðQÞ þ ½1  EN ðQÞCðtÞ

b
¼ EN ðQÞ þ ½1  EN ðQÞexp  ðltÞ :

(4)

The time-independent part, EN ðQÞ, is exact. In the timedependent part, the function CðtÞ ¼ expððltÞb Þ is represented by a ‘‘stretched’’ exponential. The model has the
correct limits at t ¼ 0 (Ij ðQ; t ¼ 0Þ ¼ 1 for all Q) and at
t ¼ N. It has a plausible time dependence in between. In
Eq. 4, l and b are parameters to be determined by a best
fit of the model IM ðQ; tÞ to a numerical simulation of IðQ;tÞ.
At least for the proteins staphylococcal nuclease (sNase),
bovine pancreatic trypsin inhibitor, hen egg lysozyme, and
T4 lysozyme, it has been shown by simulation (33,34) that
the EISF of an individual H is well represented by the
lowest-order Gaussian term, i.e.,
2 2
Ij ðQ; t/NÞ ¼ eQ hzj i ;

(5)

simulations and experiment well. A model distribution
rðhz2j iÞ can be introduced as the following (19,20,35):
Z
N


1 X
Q2 hz2j i
EN ðQÞ ¼
e
¼ ds rðsÞexp Q2 s ; (7)
N j¼1
where s ¼ hz2j i. The rðsÞ is a one dimensional (1D) distribution of MSDs along an axis (along Q). We find, for example,
that a distribution that has a single broad peak of adjustable
position and width does not reproduce numerical simulations of IðQ; tÞ well. However, a bimodal distribution rðsÞ
does reproduce the numerical IðQ; tÞ well.
Specifically, we substitute the model EN ðQÞ given by
Eq. 7 into IM ðQ; tÞ in Eq. 4. Parameters in rðsÞ and the parameters l and b are adjusted and determined by a best fit
of IM ðQ; tÞ to the simulated IðQ; tÞ as a function of t. This
is done for many Q values. A ‘‘good’’ distribution is identified as one that provides a good fit to IðQ; tÞ and a distribution rðsÞ and average MSD,
Z
 2
r ¼ 3 ds rðsÞs;
(8)

that is independent of Q. If the motions are isotropic,
hz2j i ¼ hrj2 i=3.
In previous work (32,34,36) in which DH was ignored,
we found that the best-fit average hr 2 i depended on Q.
That is, when rðsÞ in Eq. 7 was approximated by rðsÞ ¼
dðs  s0 Þ, where s0 ¼ hr 2 i=3 so that EN ðQÞ/IN ðQÞ ¼
2 2
eð1=3ÞQ hr i , we found that the best-fit hr 2 i decreased with
increasing Q (see Fig. 1). An MSD hr 2 i that decreases
with increasing Q is often found in fits to data when a model
2 2
EISF IN ðQÞ ¼ eð1=3ÞQ hr i is assumed (6,16,37–40). A clear
goal is also to determine whether a Q-independent distribution, rðsÞ, and MSD, hr 2 i, can be obtained when DH is
incorporated.

where hz2j i is the MSD of the individual H labeled j along the
z axis chosen parallel to Q, i.e., hðQ,rj Þ2 i ¼ Q2 hz2j i. The
Gaussian approximation of Eq. 5 is valid beyond low Q
out to Q>4 Å1 (33,34) for all H except for a few excepe
tional atoms.
These few contribute little to the total EISF
of the protein:
EN ðQÞ ¼ IðQ; t/NÞ ¼

1 P Q2 hz2j i
e
:
N j

(6)

The total EN ðQÞ is, however, not a Gaussian because a sum
of Gaussians is not a Gaussian unless all the hz2j i are the
same.
In this study, our goal is to explicitly recognize that the
MSDs hz2j i of the individual H are not the same throughout
the protein and to propose models of the distribution of hz2j i
in EN ðQÞ. Through fits to simulations and data, the aim is to
bring information on the type of distributions that reproduce
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FIGURE 1 MSD in lysozyme obtained in (34) from fitting a model IðQ;
tÞ, which neglects dynamical heterogeneity to IðQ; tÞ calculated from Eq. 1
using molecular dynamics simulation.

Dynamical Heterogeneity

The importance of DH in the analysis of neutron-scattering experiments and in the interpretation of MD simulations of proteins has been recognized since the first
experiments (6,37,41). As discussed in the comprehensive
review by Doster and Settles (29), many experiments were
analyzed by assuming a single representative MSD. Inclusion of two MSDs in the EISF, a bimodal distribution,
significantly improves the fit to the data (29). Computer simulations (42,43) showed that H in proteins have a broad
distribution of MSDs and that analysis of neutron data using
a single MSD underestimates the actual MSD. Incorporating
a term proportional to Q4 in the EISF, in addition to the
Gaussian Q2 term, in the analysis provides both an improved
average MSD of the nonexchangeable H and a reliable estimate of the variance of the distribution (44). Significant DH
was found to arise from methyl group rotations. Meinhold
et al. (45) showed that the temperature dependence of the
dynamics of mesophilic and thermophilic dihydrofolate
reductase derived from elastic neutron-scattering data can
be described using a Weibull distribution of MSDs, which
is a distribution that resembles those seen in MD simulations. Kneller and Hinsen (19) and Peters and Kneller (20)
have analyzed the EISF of hAChE using a Gamma distribution, while Nakagawa et al. (35) considered three model distributions in their analysis of the EISF of sNase. We
compare these distributions with the one from our study in
the Discussion.
In Materials and Methods, we outline the justification for
the Gaussian expression, Eq. 5. We introduce the MSD and a
distribution of MSDs calculated by simulation. The DSF
that was observed using neutrons, including the instrument
resolution that corresponds to IðQ; tÞ, is also presented. In
Results, the model IM ðQ; tÞ is compared with simulations
of IðQ; tÞ in lysozyme, and the model elastic incoherent
DSF, SðQ; u ¼ 0Þ, is compared with SðQ; u ¼ 0Þ observed
in hAChE. In Discussion, the results are discussed, the
present model distribution of MSDs is compared with the
distributions found by others, and the future prospects for
improving the distribution are presented.

steps. The system was then equilibrated in the mole-volume-temperature
ensemble at each temperature investigated for 10 ns and in the mole-pressure-temperature ensemble at 1 bar for 10 ns. The Nose-Hoover algorithm
(52) with a coupling time t ¼ 1 ps and the Parrinello-Rahman algorithm
(53) with a coupling time t ¼ 3 ps were used for the temperature coupling
and pressure coupling, respectively.
Simulations of 100 ns in duration were performed at 300 K. The data
were collected every 10 ps.

Model-scattering function including DH
The model incoherent scattering function, IM ðQ; tÞ, including DH in the
EISF, EN ðQÞ, was set out in Eq. 4. In this section, we 1) sketch how the
expression Eq. 5 for the EISF of an individual H and Eq. 7. for EN ðQÞ in
the model are obtained, 2) introduce MSDs obtained from MD simulations,
and 3) present the DSF corresponding to IM ðQ; tÞ, including the neutroninstrument resolution that will be needed in Results.
The expression for EN ðQÞhIðQ; t/NÞ can be obtained by taking the
t ¼ N limit of IðQ; tÞ defined in Eq. 1:
N
 iQ , r ðNÞ  iQ , r ð0Þ 
1 X
j
j
e
e
N j¼1

EN ðQÞ ¼
¼
¼

N
 iQ , r  iQ , r 
1 X
j
j
e
e
N j¼1

MD simulation of lysozyme
Two lysozyme molecules (1AKI (46)) were arbitrarily oriented and placed
in a simulation box of dimensions 6.5  3.4  3.6 nm. The lysozyme
molecules were surrounded by 636 water molecules corresponding to a
hydration level h ¼ 0:4 g water/g protein. The box was replicated using
periodic boundary conditions to mimic the environment of an experimental
powder sample. The system was simulated using the GROMACS 4.5.1 (47)
(University of Groningen, Groningen, the Netherlands). The OPLS-AA
force field (48) was used for the protein, and TIP4P (49) was used for the
water. The van der Waals interactions were truncated at 1.4 nm, and the
electrostatic interactions were represented using the particle mesh Ewald
method (50) with a real-space cutoff of 0.9 nm. All bonds, including
H bonds, were constrained with a linear constraints solver algorithm (51).
The energy of the system was first minimized using 50,000 steepest descent

(9)

N
N
2
2 2
1 X
1 X
eh½Q , rj  i ¼
eQ hzj i
N j¼1
N j¼1

In these equations, we have used the notion that 1) at t ¼ N, rj ðNÞ and
rj ð0Þ are statistically independent, 2) rj ðtÞ is translationally invariant in
time (so that rj ðNÞ ¼ rj ð0Þ ¼ rj ) and 3) make a cumulant expansion,
2

heiQ,r i ¼ eð1=2Þh½Q,r i , keeping only the second cumulant. The ẑ axis is
chosen parallel to Q. Using properties 1 and 2, we arrive at the second
line of Eq. 9. The key approximation is keeping only the second cumulant.
As noted above, explicit calculations of the higher cumulants show this is a
surprisingly good approximation for an individual H in proteins (33,34) out
to Q>4 Å1. The hz2j i have been shown (33) to be highly isotropic,
e
2 2
2 2
eQ hzj i ¼ eð1=3ÞQ hrj i , except for a few H. Using Eq. 9, Eqs. 5 and 6 follow
directly.
In MD simulations, the MSD of a single H nucleus j after a time t can be
calculated as

D2j ðtÞ ¼
MATERIALS AND METHODS

:



2 
rj ðtÞ  rj ð0Þ :

(10)

In Eq. 10, rj ðtÞ is the position of the H nucleus j in the protein at time t.
At t/N, the correlation between the positions rj ðtÞ and rj ð0Þ is lost, as
noted above, and the D2j ðtÞ reduces to

D2j ðt ¼ NÞ ¼

D
E
D E
rj2 ðNÞ  rj2 ð0Þ ¼ 2 rj2 :

(11)

The average MSD of H in the protein, hr2 iMD , at long time can also be
calculated as
2

D ðt ¼ NÞ ¼

N
 
1 X
D2j ðt ¼ NÞ ¼ 2 r 2 MD :
N j¼1

(12)

In actual simulations, D2j ðtÞ is calculated at long times (e.g., 1 ns), and it is
again assumed that the correlations between rj ðtÞ and rj ð0Þ are lost.
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Substituting SðQ; uÞ from Eq. 14 into Eq. 15 and expressing RðuÞ in
terms of its Fourier transform RðtÞ leads to

A histogram of MSDs can be calculated as

 2
1 XD 2 E
1 X1 2
D ðtÞ
rj ðtÞ ¼
r MD ¼
N j
N j 2 j

Z 
1 2
1
1 2
D ðtÞ:
¼
d D ðtÞ rMD D2 ðtÞ
2
2
2

(13)

In Eq. 13, rMD ðð1=2ÞD ðtÞÞ is the histogram of MD MSDs. Fig. 2 shows the
histogram for lysozyme at 300 K. This is a histogram of 1D MSDs along a
radial variable (assumed to be isotropic). The time t (1 ns) is assumed to be
long enough that the D2j ðtÞ are approaching their long time, nearly stationary values (see Fig. 11 of (32)). The distribution rMD ðð1=2ÞD2 ðtÞÞ is on the
same length scale as that of rðsÞ but is not defined by the same relation
as rðsÞ.
The model DSF corresponding to the model ISF, IM ðQ; tÞ, is defined
as follows:

SðQ; uÞ ¼

1
2p

N
N

dt expðiutÞIM ðQ; tÞ:

(14)

In a neutron-scattering measurement, we observe SR ðQ; uÞ, which is the
SðQ; uÞ broadened by the neutron instrument resolution function, RðuÞ:

Z

SR ðQ; uÞ ¼

N

N

0 
0 
0
du S Q; u R u  u :

(15)

To calculate an SR ðQ; uÞ for comparison with measurements on IN13 at the
Institut Laue Langevin (Grenoble, France), we assume the following
Gaussian instrument resolution function:



RðuÞ ¼ 2ps


2 1=2


1 u2
exp 
:
2 s2

1
2p

Z

N
N

dt expðiutÞIM ðQ; tÞRðtÞ;

(17)

where RðtÞ ¼ expð  ð1=2Þs2 t2 Þ. The elastic limit of Eq. 17 is

2

Z

SR ðQ; uÞ ¼

(16)

We set the width of the Gaussian at s ¼ 1=t ¼ ðW=ZÞ=ð8ln2Þ1=2 , where W
is the fullwidth at half-maximum of the energy resolution of IN13 and
where W ¼ 8 meV, giving s  0:005 ps1.

1
SR ðQ; u ¼ 0Þ ¼
2p

Z

N
N

dtIM ðQ; tÞRðtÞ:

(18)

Given IM ðQ; tÞ, this is the expression we use to evaluate SR ðQ; u ¼ 0Þ for
comparison with experiment.
SR ðQ; u ¼ 0Þ in the limit of high instrument resolution ðs2 /0Þ, which is
often used in presenting data, can be obtained readily from Eq. 18. For
example, substituting IM ðQ; tÞ given by Eq. 4 into Eq. 18 gives the following:

1=2

SR ðQ; u ¼ 0Þ ¼ EN ðQÞ 2ps2
þ ½1  EN ðQÞ

Z N
(19)
1
1
dtCðtÞ exp  s2 t2 :

2p N
2
Since EN ðQÞ ¼ 1 at Q ¼ 0, the Q/0 limit of SR ðQ; u ¼ 0Þ is
SR ðQ ¼ 0; u ¼ 0Þ ¼ ð2ps2 Þ1=2 . SR ðQ; u ¼ 0Þ normalized by
SR ðQ ¼ 0; u ¼ 0Þ, the form in which data is often presented, is
therefore defined as the following:


1=2
SR ðQ; u ¼ 0Þ
¼ EN ðQÞ þ ½1  EN ðQÞ 2ps2
SR ðQ ¼ 0; u ¼ 0Þ

Z N
1
1

dtCðtÞexp  s2 t2 :
2p N
2
(20)
In the limit of high energy resolution (s/ 0), where SR ðQ;u ¼ 0Þ/SðQ;uÞ,
the normalized SðQ; uÞ is defined as the following:

SðQ; u ¼ 0Þ
¼ EN ðQÞ ¼ IðQ; t ¼ NÞ:
SðQ ¼ 0; u ¼ 0Þ

(21)

That is, in the limit of high resolution, the normalized elastic DSF,
SðQ; u ¼ 0Þ=SðQ ¼ 0; u ¼ 0Þ, is the EISF, IðQ; t ¼ NÞ
(6,19,28,33,36). Eq. 21 can be derived generally without the use of a
model IðQ; tÞ or RðuÞ. In Eq. 21, the EISF (6) is often approximated
2 2
as EN ðQÞxeð1=3ÞQ hr i to provide a simple, transparent presentation
of data in terms of hr 2 i:

SðQ; u ¼ 0Þ
2 2
xeð1=3ÞQ hr i :
SðQ ¼ 0; u ¼ 0Þ

(22)

Use of Eq. 22 neglects DH and assumes infinitely high instrument
resolution so that hr2 i in principle is the long-time limit of the MSD. However, in practice, because the instruments have a finite energy resolution,
a fit of Eq. 22 to data yields an hr2 i that has developed over a finite time
only.

FIGURE 2 The histogram of hydrogen (H) mean-square displacements
(MSDs) in lysozyme calculated from MD simulation, hr2 iMD ¼ hD2 ðtÞi=2
at t ¼ 1 ns, compared with the model rðsÞ given by Eq. 23 (red solid
line). The parameters in rðsÞ are chosen to get the best fit to the histogram:
s1 ¼ 0:25 Å2, sL ¼ 0:76 Å2, Ds ¼ 1:4 Å2, s2 ¼ s1 þ Ds, s21 ¼ 0:03 Å4, and
s22 ¼ 0:08 Å4. To see this figure in color, go online.
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RESULTS
Model distribution of MSDs
In Model Scattering Function Including DH, we proposed a
model of the incoherent ISF given by Eqs. 4 and 7 that

Dynamical Heterogeneity

contains DH. The DH was represented by a distribution of
MSDs, rðsÞ, where s ¼ hz2j i is a continuous variable representing the 1D MSD along an axis (z) chosen parallel to
the wave-vector transfer Q. Our goal is to determine rðsÞ
from fits of the model to MD simulations and to neutronscattering (NS) data with the criteria that there should be a
good fit and that a distribution rðsÞ and an average MSD
that is independent of Q should be obtained.
If rðsÞ is simply a delta function rðsÞ ¼ dðs  s0 Þ with
s0 ¼ hr 2 i=3, then the DH model, Eqs. 4 and 7, reduces to
a model without DH: Eq. 11 of (32). The model without
DH used previously led to the Q-dependent hr 2 i shown in
Fig. 1. A simple model for rðsÞ beyond a delta function is
a Gaussian, as set out in Appendix A. With a Gaussian
rðsÞ, we obtain a reasonable fit of the model IM ðQ; tÞ to
the simulated IðQ; tÞ, but the average MSD and parameters
in the Gaussian are Q-dependent (see Appendix A). An
extension is a Gaussian rðsÞ with a tail reaching to
higher s values, as discussed in Appendix B. This model
also provided a good fit but again with Q-dependent
parameters.
Guided by the histogram shown in Fig. 2, we introduce a
bimodal rðsÞ consisting of two Gaussians, given by
(


2
exp  ðs  s1 Þ 2s21
0%s%sL


rðsÞ ¼
; (23)
2
sL < s%N
Aexp  ðs  s2 Þ 2s22
where A ¼ expððsL  s1 Þ2 =2s21 ÞexpððsL  s2 Þ2 =2s22 Þ and
s2 ¼ s1 þ Ds.
The parameters in the model are s1 , Ds, sL , s1 , and s2 .
A normalizedR distribution rN ðsÞ was calculated as
rN ðsÞ ¼ rðsÞ= ds rðsÞ. This model with parameters chosen to represent lysozyme is shown in Fig. 2. In the
following sections, we show fits of the model IM ðQ; tÞ obtained using the bimodal rðsÞ to MD simulations and to NS
data.
Comparison with MD simulation
The model ISF IM ðQ; tÞ given by Eqs. 4 and 7 using the
distribution of MSDs rðsÞ defined in Eq. 23 is fitted to the
IðQ; tÞ calculated from Eq. 1 using MD simulation.
Equation 1 is calculated out to 1 ns using an rj ðtÞ generated
in an MD simulation of lysozyme out to 100 ns.
Fig. 3 (upper frame) shows the fit of Eq. 4 to the numerical
IðQ; tÞ. The model parameters s1 , sL , and l were treated as
free parameters adjusted to obtain the best fit, giving
sL ¼ 0:68 Å2 and s1 and l shown in Figs. 3 and 4. The other
parameters were fixed at b ¼ 0:24, Ds ¼ 1:4 Å2, s2 ¼ s1 þ
Ds, s21 ¼ 0:03 Å4, and s22 ¼ 0:08 Å4. The fit is good except
at the highest Q values. Fig. 3 (middle) shows rðsÞ as a function of s for several Q values. The weight in the second peak
of rðsÞ increases if s1 increases. Fig. 3 (bottom) shows the
parameter s1 as a function of Q. Clearly, rðsÞ and s1 change
little with Q.

FIGURE 3 (Top) The ISF IðQ; tÞ calculated using Eq. 1 from an MD
simulation of lysozyme (open circles) and a fit of the model IM ðQ; tÞ given
by Eqs. 4, 7, and 23 (solid line). Shown is IðQ; tÞ at 20 Q values from
0.2 to 4 Å1 in steps of 0.2 Å1, top to bottom. (Middle) The rN ðsÞ vs. s
for the Q values is shown: 0.2, 1.0, 2.0, 3.0, and 4.0 Å1. (Bottom) The
best-fit parameter 3s1 vs. Q is shown. To see this figure in color, go online.

In Fig. 4 (top), we compare the average MSD of lysozyme
at 300 K obtained from Eq. 8 including DH and with the
MSD obtained excluding heterogeneity shown in Fig. 1.
Although there is some variation of hr 2 i with Q when
DH is included, the value of hr 2 i at Qx0 and at Q ¼
4 Å1are approximately the same. Hence, an MSD that is
independent of Q within 10% and that has no systematic
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ing parameters in rðsÞ were held at the same values as
those used for lysozyme: Ds ¼ 1:4 Å2, s2 ¼ s1 þ Ds,
s21 ¼ 0:03 Å4, and s22 ¼ 0:08 Å4.
Fig. 5 shows the data and the fitted SR ðQ; u ¼ 0Þ and the
fitting parameters 3s1 and l at five temperatures. The fit to
the data is clearly good. The best-fit stretched exponential
parameters b were 0.22, 0.24, 0.22, 0.28, and 0.24 at 220,

FIGURE 4 (Top) The average MSD obtained from fitting a model that
includes DH (Eqs. 4, 7, and 23) to simulations of I(Q,t) for lysozyme
(triangles) and the MSD obtained from fitting a similar model (34) without
DH (squares). (Bottom) The parameter l obtained for the model including
DH for the fits is shown in Fig. 3 (top). To see this figure in color, go online.

Q dependence can be obtained by including DH. In contrast,
the MSD without DH clearly decreases uniformly with
increasing Q. The bottom frame in Fig. 4 shows the l values
obtained from the fits in Fig. 3.
Comparison with NS measurements
In this section, we test the model IM ðQ; tÞ including
DH, Eq. 4, by calculating the corresponding elastic DSF,
SR ðQ; u ¼ 0Þ, and comparing it with NS measurements
made on hydrated powders of the protein hAChE. The measurements were made by Peters et al. (20) using IN13 at the
Institut Laue Langevin. The model SR ðQ; u ¼ 0Þ, given by
Eq. 17, was fitted to the observed SR ðQ; u ¼ 0Þ as a function
of Q. The model distribution of MSDs, rðsÞ, is again given
by Eq. 23. In the fit of the model IM ðQ;tÞ, the parameters, l,
b, s1 , and sL in rðsÞ were treated as free parameters to be
determined by the best fit to the NS data. The best fit sL
was 0.70 Å2 rather than 0.68 Å2 for lysozyme. The remain-
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FIGURE 5 (Top) The SR ðQ; u ¼ 0Þ observed by Peters et al. (20) in
hAChE (open circles) and the fit of our model (Eqs. 4, 7, 18, and 23) (solid
line), which includes DH to the observed SR ðQ; u ¼ 0Þ. From top to bottom, the temperatures are 220, 240, 260, 280, and 300 K. (Middle and bottom) The parameter 3s1 and the relaxation parameter l obtained from fits of
the model SR ðQ; u ¼ 0Þ to the experimental data are shown. To see this
figure in color, go online.

Dynamical Heterogeneity

240, 260, 280, and 300 K, respectively, which are all close to
the best-fit value of b ¼ 0:24 found from fits to simulations
of lysozyme at 300 K. The remaining parameters in rðsÞ
were the same as those used for lysozyme, as shown in
Fig. 2. The best-fit values of 3s1 and l clearly depend on
temperature, as expected.
Fig. 6 shows the distribution of MSDs, rN ðsÞ, and the
average MSD hr 2 i defined in Eq. 8 of hAChE at five temperatures. The temperature dependence of rN ðsÞ follows from
that of s1 . As s1 increases with temperature, the population
of the second peak at large MSDs increases.
The averaged MSD obtained from Eq. 8 and the MSD
obtained from Eq. 22 are compared in Fig. 6. At temperatures
higher than 250 K, the averaged MSD obtained from Eq. 8
including DH is larger than that obtained when neglecting
DH. Incorporating DH leads to a more pronounced dynamical transition in the MSD at Tx 250 K.
DISCUSSION
In this study, we have proposed a model of the ISF of H in
lysozyme, IM ðQ; tÞ, that includes DH. The DH is represented by a distribution of H MSDs in the protein. The
distribution is used to calculate the EISF, EN ðQÞ, given
by Eq. 7, that appears as part of the model ISF. The model
is fitted to numerical values of the ISF calculated from
MD simulations of lysozyme to assess how well the model
can describe the ISF.
If the distribution of MSDs is bimodal (two peaks), as
shown in Fig. 2, then we find that we can reproduce the numerical IðQ; tÞ well and obtain a model distribution rðsÞ
and an average MSD, hr2 i, that is independent of Q for
0 <Q < 4 Å1 within 10%. There is no systematic
dependence of the average MSD on Q. In particular, hr 2 i
at Qx 0 and Qx4 Å1 are approximately the same. The
roughly Q-independent MSD are obtained, including DH.
hr 2 ix1:5 Å2 between 0:5 < Q < 0:35 Å1 is approximately

equal to the MSD obtained at Q/ 0 using models that
ignore DH (see Fig. 4 (top)). With other distributions, e.g.,
a single Gaussian or a Gaussian with a tail, the best-fit distributions were a function of Q.
The same bimodal model distribution of MSDs with
minor variations was used to calculate the EISF of hAChE.
Good agreement with neutron measurements (20) was obtained. This suggests that a bimodal distribution may be
common to the two proteins, but see the discussion below.
Comparison of distributions
In their extensive review, Doster and Settles (29) noted
that a bimodal distribution of MSDs of the form rðsÞ ¼
A1 dðs  z21 Þ þ A2 dðs  z22 Þ, where A1 to z2 are parameters,
significantly improved fits to observed EISFs over a single
MSD model. They also extracted a general distribution
that had two broad peaks from the observed incoherent
ISF. Nakagawa et al. (35) defined a distribution of MSDs,
rðsÞ, in terms of the EISF in exactly the form used here in
Eq. 7. They considered a bimodal rB ðsÞ (sum of two delta
functions as above), a Gaussian rG ðsÞ, and an exponential
rE ðsÞ. The EISF, EN ðQÞ, of sNase was calculated and
compared with the experiment. The rB ðsÞ and rG ðsÞ reproduced the observed EISF equally well and the rE ðsÞ somewhat less well.
Kneller and Hinsen (19) and Peters and Kneller (20)
define a distribution of MSDs also in exactly the form
of Eq. 7. They use a Gamma distribution, rðlÞ ¼
ðblÞb exp½  bl=lGðbÞ, where GðbÞ is the Gamma function. In rðlÞ, l ¼ s=s2 is a dimensionless variable, s is a
convenient length parameter, and b and s are adjustable parameters. For b ¼ N, rðlÞ ¼ dðl  1Þ (a delta function)
for bx 10, rðlÞ is approximately Gaussian with a tail,
and as b goes to zero, rðlÞ approaches an exponential.
They also employ a shifted version in which l starts at
a small finite value rather than zero. They are able to

FIGURE 6 (LHS) The normalized distribution of MSDs, rN ðsÞ, obtained by fitting Eq. 18 to the experimental SR ðQ; u ¼ 0Þ for hAChE shown in Fig. 5 for
five different temperatures: 220, 240, 260, 280, and 300 K. The height of the second peak in rN ðsÞ is largest at 300 K. (RHS) The MSD obtained using Eq. 8
including DH (solid circles) and the MSD without DH obtained by fitting Eq. 22 to the observed SR ðQ; u ¼ 0Þ in the Q-range are shown: 0.2–0.8 Å1 (solid
triangles). To see this figure in color, go online.
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get a good fit to the EISF of hydrated hAChE out to Q ¼
4:5 Å1. They find that the increase in the average MSD
at the dynamical transition (DT) is larger when a distribution of MSDs is used. For example, the distribution
broadens (b decreases) as temperature is increased through
the DT approaching distributions found in simulations at
higher temperatures (42).
In this study, in addition to fitting a model EISF to
experiment or a simulation, we have calculated a model
ISF as a function of time for a range of Q values and fitted
the model to numerical simulations of ISF. We have
required that the distribution rðsÞ and the average MSD,
as physical quantities, be independent of Q. Only the
bimodal distribution with each component represented by
a Gaussian met this requirement. The rðsÞ was guided by
and is quite similar to the distribution generated by the
MD simulation in Fig. 2.
Improved distributions
This model rðsÞ can be significantly improved. The present
parameterization is somewhat rigid. For example, much of
the increase of the average MSD with increasing temperature arises from an increase in occupation of the second
peak at larger MSD rather than adjustment of the peak positions or widths. Also, we have introduced DH only in the
MSD. The relaxation parameter l in the model ISF is still
assumed to be the same for all the H, whereas a distribution
of l is anticipated. However, these results show that a physically realistic, Q-independent average MSD can be obtained if DH is incorporated in the model EISF.
Including DH also offers new opportunities. For example,
in addition to a obtaining a single MSD from a measurement, information on the distribution of MSDs within a protein and its hydration water can be obtained. Similarly, the
distribution of MSDs may be modified and changed by
changing the hydration level or by adding solutes to the hydration water. In Fig. 6 (right-hand side (RHS)), we see that
the DT is more pronounced if the data is analyzed with a
more flexible model that incorporates DH. That is, when
DH is incorporated, the average MSD is found to be larger
at higher temperatures (20,42). Thus, the motional displacements that are especially sensitive to temperature and may
lead to function above TD may be specifically identified
and more precisely represented when DH is incorporated.
Including a distribution of MSDs in the analysis of neutron
data of other large molecules may also be rewarding.
Heterogeneity of H in lysozyme
Returning to lysozyme, Fig. 2 shows a histogram of the
MSDs of the individual H in lysozyme obtained from MD
simulation, hr 2 iMD ¼ hD2 ðtÞi=2 at t ¼ 1 ns, as discussed
in Materials and Methods. The histogram may be divided
into three parts: a large peak at low MSDs (0 < hr 2 iMD <
2404 Biophysical Journal 114, 2397–2407, May 22, 2018

1 Å2) that we denote ‘‘Peak 1,’’ a second smaller peak at
larger MSDs (1 < hr 2 iMD < 2 Å2) (‘‘Peak 2’’), and a tail
reaching to larger MSDs (hr 2 iMD > 2 Å2) that we denote
the ‘‘Tail.’’ An interesting question is which H in lysozyme
have MSDs that contribute to ‘‘Peak 1,’’ ‘‘Peak 2,’’ and the
‘‘Tail.’’ Table 1 lists the number of H with MSDs in each
part of the histogram from each molecular group. For
example, Table 1 shows that almost all of the H in NH
(270 of 288 H) contributes to ‘‘Peak 1.’’ Indeed, the MSDs
in ‘‘Peak 1’’ arise chiefly from H in NH, CH, and CH2 . In
contrast, few H (only 5 out of 408) in NH3 and CH3 have
small MSDs that contribute to ‘‘Peak 1.’’ Particularly interesting is that all of the H in the methyl group CH3 have large
MSDs that contribute to either ‘‘Peak 2’’ or the ‘‘Tail.’’ None
of the H in CH3 contributes to ‘‘Peak 1.’’ Thus, there is substantial heterogeneity in the dynamics of H, with H in
different units having quite different MSD values (e.g.,
94% of H in CH have small MSDs, and all the H in CH3
have large MSDs).
Because the H in CH3 have large MSDs at 300 K, these H
contribute significantly to the average MSD of the whole
protein at 300 K. The onset of large amplitude average
MSDs at higher temperatures in proteins (e.g., at the DT,
TD x 180–220 K, and at somewhat lower temperatures) has
been identified at least in part with the onset of methyl group
rotations (54). Certainly, Table 1 shows that H in CH3
contribute large MSDs to the average at 300 K. In future
work, it would be interesting to determine the histogram of
MSDs at lower temperatures and to further identify what
fraction of the increase in the average MSD with increasing
temperature can be attributed to H in CH3 and other units.
CONCLUSION
To close, we return to an issue of long-standing and
continuing interest: is the EISF, Eq. 21, a Gaussian in Q
2 2
(i.e., IðQ; t ¼ NÞ ¼ eQ hz i , where hz2 i is a constant) or
not, and if not, why not? Nakagawa et al. (35) and Smith
and collaborators (41–45) explicitly introduced the DH of
H and a distribution of MSDs to explain and reproduce
non-Gaussian EISFs. The EISF (see Eq. 9) is the sum of
TABLE 1 The Histogram of the MSDs of H in Lysozyme
Calculated Using MD Has Two Peaks and a Tail at Higher MSD
Unit

Total

Peak 1

Peak 2

Tail

NH
NH2
NH3
CH
CH2
CH3
OH
Total

288
156
42
406
620
366
40
1918

270
62
5
380
525
0
26
1268

16
64
24
22
84
293 (80%)
12
515

2
30
13
4
11
73 (20%)
2
135

This table lists the number of H with MSDs in Peak 1 (largest peak), in Peak
2 (smaller peak), and in the Tail. Of the 620 H in CH2 , 508 have MSDs that
lie in Peak 1, 82 have MSDs in Peak 2, and 30 have MSDs in the Tail.
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sNase from it. They found that the non-Gaussian EISF of
sNase could be well reproduced using both a two-MSD
(two–Debye-Waller factor) model or a model Gaussian distribution of MSDs. Similarly, Peters and Kneller (20) found
that the observed, non-Gaussian EISF of hAChE shown in
Fig. 5 could be reproduced using Eq. 7 and a Gamma distribution for rðsÞ. Clearly, the observed, non-Gaussian EISF
can be reproduced using the two-state model or by introducing DH and using quite different distributions of
MSDs, rðsÞ. Thus, whereas the EISF is critically important,
its shape is not sufficiently unique to distinguish well between different models of DH.
For this reason, we turned to the full IðQ; tÞ as a function
of time at several Q values to investigate models of DH. In
summary, we found that a two-MSD or two–Gaussian distribution rðsÞ that reproduces the EISF well could not reproduce IðQ; tÞ well at several Q values. Only the rðsÞ shown
in Fig. 2 was able to reproduce the MD-simulated IðQ; tÞ
well. In the future, we hope to find other functions that
can be used to distinguish clearly between different models
of DH and to improve the model of rðsÞ.

APPENDIX A: GAUSSIAN DISTRIBUTION
FUNCTION
In this appendix, we consider a simple Gaussian representation of the distribution of the MSDs, rðsÞ, appearing in Eq. 7:

#
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ "
2
1
ðs  s0 Þ
rG ðsÞ ¼
exp 
;
2ps2
2s2

FIGURE 7 (Top) The best-fit Gaussian rNG ðsÞ at eight Q-values, from 0.2
to 1.6 Å1 in steps of 0.2 Å1, with s set at s2 ¼ 0.2 Å4. (Bottom) The bestfit s0 in Eq. 24 is shown at eight Q values with s2 set at the values shown
(in Å4). To see this figure in color, go online.

(24)

where s0 and s are parameters. Because the MSDs must be positive, we
limit rG ðsÞ to lie between 0 and N and normalize it as

the Debye-Waller factors (squared) of the individual constituents (dominated
by H) of the protein, IðQ; t ¼ NÞ ¼
P
ð1=NÞ Nj¼1 heiQ,rj iheiQ,rj i. Nakagawa et al. (35) wrote
the sum in the form of Eq. 7 and calculated the EISF of

rNG ðsÞ ¼
where A ¼

RN
0

1
r ðsÞ;
A G

(25)

ds rðsÞ.

FIGURE 8 (LHS) IðQ; tÞ of lysozyme calculated using MD simulation (open circles) and a fit of the model IM ðQ;tÞ, Eq. 4, obtained using Eq. 7 and rGT ðsÞ
in Eq. 26 to the simulated IðQ; tÞ for eight Q values, 0.2 to 1.6 Å1 from top to bottom. (RHS) The corresponding best-fit rGT ðsÞ is shown. The broadest rGT ðsÞ
fits Q ¼ 0.2 Å1. To see this figure in color, go online.
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FIGURE 9 The best-fit parameters sT , s2 , and l obtained from fits shown in Fig. 8. To see this figure in color, go online.
We fit the model IM ðQ; tÞ of Eq. 4, obtained using Eq. 7 and the Gaussian
rNG ðsÞ in Eq. 25, to the MD simulation of IðQ; tÞ for lysozyme at 300 K. To
display the dependence on s0 , s0 is treated as a free-fitting parameter, and s2
is held fixed at 0.2 Å4. Fig. 7 (top) shows the resulting best-fit distribution of
MSDs, rNG ðsÞ, at eight Q values. The rNG ðsÞ is clearly Q dependent. Fig. 7
(bottom) shows the best-fit values of s0 as a function of Q for several s2
values. The best-fit s0 clearly decreases with increasing Q. Allowing s to
vary in the fit does not change this basic character. A simple Gaussian is
not a good representation of rðsÞ.

(26)

where A is again a normalization constant. The aim is to extend the
Gaussian rG ðsÞ to higher s (a tail) and to have a function that goes to
zero at s ¼ 0. For this distribution, EN ðQÞ in Eq. 7 is defined as the
following:

EN ðQÞ ¼



ds rGT ðsÞexp Q2 s

"
#
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Z N
2


1
ðs  sT Þ
2
dss exp 
exp Q2 s
¼ A
2
2
2ps 0
2s
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
1
2Q4 s2
2
(27)
¼ A
2 exp  sT Q þ
4a
2ps
2 

23
Q2
Z N
s  sT 
6
7
2a
6
7
dss2 exp6 
7
4
5
2s2
0

The model IM ðQ;tÞ, Eq. 4, calculated using rGT ðsÞ, is fitted to the simulated IðQ; tÞ of lysozyme at 300 K with sT , s, and l treated as free-fitting
parameters. The b was fixed at 0.24. As shown in Fig. 8 (left-hand side
(LHS)), the fit is good at all Q. However, as seen in Fig. 8 (RHS), the
model rGT ðsÞ depends on Q. It is peaked at lower s and is much narrower
at higher Q values. The best-fit values of sT , s2 , and l are shown in Fig. 9.
The best-fit values sT and s2 clearly depend on Q. Thus, although a good
fit to the MD simulation of IðQ; tÞ can be obtained, the model and average
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We consider the Gaussian distribution rG ðsÞ proposed in Appendix A multiplied by a factor of s2 ; specifically,
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