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ABSTRACT

Observations of the pulsation spectrum of the hot white dwarf PG 1159 —035 with the Whole Earth Tele-
scope provide rich detail on the normal mode spectrum of nonradial g-modes in this star. We present a grid
of evolutionary models appropriate for PG 1159 stars in an effort to model the details of their observed pulsa-
tion spectra. We can match the observed pulsation frequencies to remarkable precision using models derived
from standard post—asymptotic giant branch (AGB) stellar models. A grid of post-AGB models with system-
atically varied stellar mass, effective temperature, surface helium layer thickness, and helium abundance is used
to explore how the pulsation properties depend on these quantities. The models show that the mean spacing
between consecutive overtone g-mode periods is a direct probe of the total stellar mass. Regular departures
from uniform period spacing result from resonant mode trapping by the sharp composition gradient at the
base of the He-rich surface layer. The depth of the He/C + O composition transition region governs the
periods of maximum departure from uniform spacing while the steepness of the composition gradient affects
the amount of departure. While most modes show periods that increase with time, some trapped modes show
periods that decrease with time because trapped modes are much more sensitive to the contraction of the
outer nondegenerate layers than nontrapped modes. Comparison with the observed periods in PG 1159 —035
yields a best fit with a mass of 0.59 + 0.01 M, an effective temperature of ~ 136,000 K, and a He-rich layer
of ~0.004M, with Y, ~ 0.27. This fit is in very good agreement with prior pulsational and spectroscopic
studies of this star. The mode nearest 516 s is almost a trapped mode in the best-fit model. We therefore
interpret the observed negative value of the period derivative as resulting from mode trapping. The 539 s
mode in PG 1159—035 is a trapped mode in our models and shows a negative dP/dt, so we suggest that
observational determination of dP/dt for this mode will show a larger negative value than seen in the 516 s
mode. We discuss the applications of our model grid to other pulsating PG 1159 stars, and implications of
our results for PG 1159 on models of white dwarf formation and chemical evolution.

Subject headings: stars: interiors — stars: oscillations — white dwarfs

1. INTRODUCTION

Besides the Sun, the pulsating DO white dwarf star PG
1159 —035 (GW Vir) is the most thoroughly examined object
in the fledgling field of stellar seismology. Since its discovery as
a variable star by McGraw et al. (1979) the first (and prototype)
of the GW Vir stars has undergone intense scrutiny by obser-
vers in a variety of wavelengths and has been the subject of
numerous theoretical studies. Observations of its pulsations
and theoretical modeling have provided an accurate determi-
nation of its mass (Kawaler 1988a and Winget et al. 1991,
hereafter WWET). Winget et al. (1985) and WWET measured
the rate of period change of a pulsation mode of PG
1159 — 035, thus providing a determination of the evolutionary
timescale consistent with expected values for post-AGB stars
(Winget, Hansen, & Van Horn 1983; Kawaler, Hansen, &
Winget 1985; Kawaler et al. 1986). /

The GW Vir stars are direct probes of the astrophysics of
hot compact objects. The cooling rates directly reflect the rate
of thermal neutrino production, while the stratification of the
outer layers provides an important check on the poorly under-
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stood theory of stellar evolution between the asymptotic giant
branch (AGB) and the white dwarf cooling track. Recent
Whole Earth Telescope (WET) (Nather et al. 1990) observa-
tions of the GW Vir stars PG 1159-035 (WWET), PG
1707 + 427 (Grauer et al. 1994) and PG 2131 + 066 (Kawaler et
al. 1994) show that the pulsation spectra of these stars are
extremely rich. The results to date of seismological studies of
these stars hint that a much more thorough understanding of
the PG 1159 stars, and therefore of post-AGB evolution, is just
around the corner.

We summarize the basic properties of PG 1159 stars below;
more details can be found in the many review papers devoted
to this spectroscopic class of stars (see for example Werner
1993; Kawaler 1990; Winget 1988). The class properties are
represented by the prototype PG 1159—035 (hereafter PG
1159), which has an effective temperature near 140,000 K and
log g of 7.0 (Werner, Heber, & Hunger 1991, hereafter WHH).
WHH find the surface composition is somewhat helium defi-
cient, with C/He = 0.5 and O/He = 0.13 by number (WHH);
they derive a weak upper limit of the hydrogen abundance as
H/He < 1. These number fractions correspond to mass frac-
tions of helium, carbon, and oxygen of 0.33, 0.50, and 0.17,
respectively. Members of the PG 1159 spectroscopic class exist
as isolated stars and as central stars of planetary nebulae.
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A subset of the PG 1159 stars (including PG 1159 itself) are
pulsating variable stars. As a result, the term “PG 1159 star”
has been variously been used in the literature to refer to the
spectroscopic class as well as the class of pulsating stars. In this
paper, we use the term “ PG 1159 star ” to describe members of
the spectroscopic class, and “GW Vir star” to describe the
pulsating members of that spectroscopic class. Thus the pulsa-
ting PG 1159 stars are referred to as GW Vir stars. Further,
PG 1159 stars that are not central stars of planetary nebulae
will be referred to as “naked ” PG 1159 stars.

GW Vir stars are multimode nonradial g-mode pulsators.
The long periods and structure of the pulsation spectrum indi-
cate that the pulsations are g-modes, with buoyancy acting as
the restoring force. The prototype, PG 1159, pulsates in
upward of 125 modes with periods between 300 and 800
seconds (WWET). From the period spacings, WWET (see also
Kawaler 1988a and Kawaler & Bradley 1993) determined a
mass for PG 1159 of 0.58 M. This mass, along with the
effective temperature and gravity yields a luminosity of
approximately 550 L, for PG 1159. An analysis of the multi-
plet structure (WWET) shows that PG 1159 rotates with a
period of 1.38 days, and that any magnetic field present must
be less than ~ 6000 G.

The PG 1159 stars are higly evolved objects that lie in the
H-R diagram between the white dwarf cooling track and the
region of the H-R diagram populated by the central stars of
planetary nebulae. Deep imaging surveys (Reynolds 1987;
Kwitter et al. 1989) show no trace of circumstellar material
around the naked PG 1159 stars. Searches for mass-loss fea-
tures in JUE spectra (Fritz, Leckenby, & Sion 1990) also show
no evidence of lines due to ejecta. The most recently discovered
member of this class, RX J2117 + 34, shows pulsation periods
(Watson 1992; Vauclair et al. 1993) and spectral characteristics
(Motch, Werner, & Pakull 1993) that identify it as an interme-
diate object between the pulsating PN central stars such as
K1-16 and the GW Vir stars. In support of this interpretation
of its evolutionary status, RX J2117 also shows a very large
diffuse nebula (Appleton, Kawaler, & Eitter 1993, Motch et al.
1993). As mentioned above, Winget et al. (1985) and WWET
confirmed their status as rapidly evolving objects by measuring
a secular decrease in the dominant pulsation period, on a time
scale of about 10° years. Theoretical considerations (Winget et
al. 1983) indicate that the observed period decrease is driven by
a global contraction. However, detailed models (Kawaler et al.
1986) show that pulsation periods increase with time, as evolu-
tionary cooling through neutrino energy losses and simple
radiative cooling dominate gravitational contraction.

Departures from uniform period spacings suggest that mode
trapping plays a role in the pulsations in PG 1159. WWET
show that the observed departures are consistent with strati-
fied models of PG 1159 by Kawaler (1988a). Furthermore,
Kawaler (1990) shows that stratified models can trap modes to
a degree that results in period decreases with time, as these
modes are concentrated in the outer nondegenerate layers
within which contraction can be significant. More global
untrapped modes feel the cooling degenerate interior and
therefore show periods that increase with time, Thus, Kawaler
(1990) concludes that the observed decrease in the 516 s period
of PG 1159 indicates that it must be a trapped mode, and that
PG 1159 is compositionally stratified. However, these conclu-
sions were reached using models with a thin hydrogen-rich
surface layer, which can be ruled out by the NLTE analysis of
the spectra of PG 1159 stars by WHH. Models with helium-
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rich surfaces still show mode trapping (Kawaler 1987b), but
have not yet shown periods that decrease with time.

Another problem with our understanding of these stars con-
cerns the driving mechanism for the pulsations. Starrfield, Cox,
and coworkers (Starrfield et al. 1983, 1984; Stanghellini, Cox,
& Starrfield 1991) suggest surface partial ionization of carbon
and/or oxygen as a possible driving mechanism. While prom-
ising, detailed modeling shows that substantial helium in the
surface layers can severely restrict the theoretical instability
strip. With abundances corresponding to those determined by
WHH, the instability strip is too cool to account for the GW
Vir phenomenon. Furthermore, one is left with the uncom-
fortable question of what PG 1159 stars eventually evolve into:
if the surface is truly devoid of hydrogen, then these stars will
eventually cool and evolve to a temperature between 30,000
and 45,000 K as DB white dwarfs. The problem is that there
are no known DB white dwarfs at these temperatures (Liebert
1991). One could squirm out of this problem by postulating
that a small fraction of hydrogen remains near the surface of
PG 1159 (contrary to any known evolutionary scenario) that
eventually rises to the surface via diffusion. However, at this
point the scenario is getting far removed from standard stellar
evolution theory. Clearly, our increased understanding of the
GW Vir and PG 1159 stars will force us to reevaluate our ideas
concerning the late stages of stellar evolution.

In this paper, we present a new set of “quasi-standard”
stellar evolutionary models designed to examine the detailed
pulsation results of WWET. We employ a grid of models for
use with PG 1159 and other GW Vir stars in determining the
mass, surface layering, and evolutionary timescale of these
stars. Section 2 describes the construction of these models. We
briefly review the relevant properties of nonradial g-mode pul-
sation that we exploit in white dwarf seismology, and how they
are computed for our model grid, in § 3. Application of these
model pulsation properties to our grid of models are in § 4,
while § 5 contains our results from modeling the observations
of PG 1159. The resulting match between theory and observa-
tions is then used to tie together the spectroscopic and seismo-
logical results for this star, and to make some conclusions
about its evolutionary statusin § 6.

2. EVOLUTIONARY MODELS

Unlike cooler pulsating white dwarfs, the structure of PG
1159 stars is closely linked to that of their most probable pro-
genitors, PN central stars and AGB stars. Because of their
relatively young age (about 10° yr after departure from the
AGB) their thermal structure still resembles that of their pro-
genitors. Thus they have internal temperature inversions
caused by neutrino emission at the center and retain the
thermal effects of recent nuclear burning at the base of the
helium shell. The diffusion of thermal energy away from the
fossil burning shell controls their cooling rate; thus to model
these stars accurately one must use starting models that accu-
rately reflect their prior evolution. However, to adequately
sample the unknown parameters of post-AGB evolution, one
needs a large range of exploratory calculations (along the AGB
with various initial masses, mass-loss rates, etc.). A complete
evolutionary survey is underway; for this initial study we con-
centrate on the parameters of total (post-AGB) stellar mass,
surface layer properties, and luminosity at the top of the white
dwarf cooling track. This limits the range of parameters avail-
able for interpreting the observations, but simplifies the model-
ing significantly In this section we describe our approach to
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constructing a grid of evolutionary stellar models with thermal
profiles that are consistent with the standard model of AGB
and post-AGB evolution. We also use static structure models
of Kawaler & Bradley (1993) to illustrate some effects, and to
gauge the degree of model-dependence of our conclusions.

2.1. Starting Models

The seed model for our sequences is a single hydrogen defi-
cient post-AGB evolutionary model that is described in detail
by Iben (1984) and Kawaler et al. (1986). This 0.60 M model
was evolved through several helium shell flashes and evolved
off the AGB during a shell flash (¢ = 0 in Iben parlance). As a
result, the model lost its hydrogen envelope, but retained a
helium burning shell. The evolution continued until the helium
shell source produced only a small fraction of the total lumi-
nosity (at about ~1000 Ly). The seed model has a 57:43 (by
mass) mixture of carbon and oxygen in the core, and a helium
layer mass of 1.85 x 10~ 2M,.. The composition profile of this
seed model is shown in Figure 1.

To produce starting models with different total masses for
our evolution calculations we homologously transformed this
seed model to the desired mass, while fixing the mass of the
helium layer. To produce starting models with different helium
layer masses, we moved the location of the composition tran-
sition region—and attendant thermal spike—out to the desired
mass point. Following the initial relaxation, we continue the
evolution of the model in our modified version of the
Rochester-Texas White Dwarf Evolution Code (WDEC),
described below. While this evolutionary procedure is not fully
self-consistent, it does provide models that have a plausible
composition, thermal structure, and evolutionary history on
the AGB. These models are useful for illustrating how the basic
pulsation properties scale with My, and M, near the original
model mass. Our future work will utilize fully self consistent
evolutionary models.

2.2. The Evolution Code

We evolve our models with an extensively modified version
of WDEC. Lamb (1974), Lamb & Van Horn (1975), and Wood
(1990) describe the previous incarnations of WDEC used in
evolutionary calculations of white dwarf models. The current
version of WDEC can evolve models with composition profiles
anywhere between the core and the photosphere. Here, we
describe the modifications we implement to make WDEC
evolve suitably realistic PG 1159 models.
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F1G. 1—Composition profile of our “seed ” model
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Previous versions of WDEC used the Lamb (1974) and
Wood (1990) interior EOS (IEOS) tables for fully ionized
carbon and oxygen in the degenerate core, and used the
envelope EOS (EEOS) tables by Fontaine et al. (1977) for
hydrogen, helium, and carbon where partial ionization occurs.
To include oxygen in the envelope calculations, we augmented
the Fontaine, Graboske, & Van Horn (1977) tables with an
oxygen rich composition table computed as described in
Kawaler (1993). We made the switch from the IEOS to EEOS
tables well within the fully ionized region to ensure a smooth
change in the thermodynamic properties.

We use the same set of neutrino rates as previous versions of
WDEC (Wood 1990), because the difference (Kawaler 1986;
D’Antona & Mazzitelli 1990) between the Beaudet, Petrosian,
& Salpeter (1967) rates and the Munakata, Kohyama, & Itoh
(1985) rates are small in the (p, T) domain appropriate for PG
1159 stars. The differences between the Beaudet et al. (1967)
rates and the recent formulae given by Itoh et al. (1989, 1993),
are also small, being no more than a factor of 15%, for the
values of (p, T) found in the interiors of our models. This is
because emission of plasma neutrinos is the dominant mecha-
nism, and the plasma neutrino rates for the new calculations by
Itoh and collaborators differ from the older calculations sig-
nificantly only when the electrons are relativistically degener-
ate. They are still not very relativistic in these models, with a
typical value of the relativity parameter f (=kT/mc?) of 0.02.

The Brunt-Viisila frequency is a critical structural quantity
governing the pulsation frequencies of our models, so we take
extra care to compute it correctly. (See Brassard et al. 1991,
Bradley & Winget 1991, and Tassoul, Fontaine, & Winget
1990 for details.) We use the “ Modified Ledoux ” prescription,
described by Tassoul et al. (1990) and Brassard et al. (1991) for
the Brunt-Viisild frequency in our models because it accu-
rately includes the effects of varying composition without the
numerical noise problems that plague numerical differencing
schemes. We generalize the Modified Ledoux term calculation
to include the effects of having three elements varying in abun-
dance simultaneously. We do this by evaluating the effect of
changes in the He/C and C/O abundance separately, and
adding them together. This also allows the Brunt-Vdiisild fre-
quency to accurately track changes in the C/O abundance of
the core and the He/C abundance changes in the envelope.

2.3. Parameters of the Models

The primary global quantities of direct interest for nonradial
pulsation studies are the mass (M), effective temperature (T,¢),
surface helium layer thickness (gy, in stellar masses), and
surface composition (Y,,). As discussed below, M, determines
the spacing in period between successive g-modes. The thick-
ness of the helium-rich surface layer (qy) affects the regular
departures from this uniform spacing. The detailed abundance
(i.e., the mass fraction of helium, carbon, and oxygen) of the
outer layers is important for understanding the underlying
driving of the modes. In this paper, our target is to reproduce
the observed periods; as a result we have produced and
analyzed a grid of models with various combinations of total
mass and helium layer thickness.

Our models range in mass from 0.50 M, to 0.80 M, which
brackets the established mean mass for white dwarfs—at least
those that have descended from the AGB. We also consider
helium layer thicknesses from 2 x 10~ 2 to 10~ stellar masses.
Thicker helium layers than this upper limit are able to support
helium burning, and therefore are not thought to represent the
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PG 1159 stars. We also consider a variety of surface composi-
tions ranging from pure helium to extremely C/O rich. The
composition transition zone is not investigated in detail in this
study, but we consider evolutionary profiles that result from
helium burning as well as diffusive equilibrium profiles.

3. RELEVANT PULSATION PROPERTIES

3.1. Asymptotic Period Spacings

In the asymptotic limit, the periods of g-modes with con-
secutive radial overtone number are spaced equally. This pro-
perty is apparent from analysis of the equations of nonradial
oscillation in the limit of high overtone (large number n of
radial nodes), and in fact is a very close approximation to the
computed pulsation periods even for low overtones (n > 3) in
homogeneous models. This property of g-modes has been
explored for general cases by Tassoul (1980) and Smeyers &
Tassoul (1987), among others. Kawaler (1987a, b, 1988a, 1990)
and WWET discuss the equal period spacings in the context of
GW Virginis stars, while Kawaler (1987a), Tassoul et al. (1990),
Bradley & Winget (1991), Brassard et al. (1992), and Bradley,
Winget, & Wood (1993, hereafter BWW) discuss them for pul-
sating DB and DA models. We refer readers to these papers for
background material, and only quote specific results here.

In general, we have

I,
I, = —>— 1
Ln ) (n+e (0]

I, = 2n2< j N dr>_l , ®

n is the number of nodes in the radial direction, and € is a small
number. In the above equation, N represents the Brunt-Viisilad
frequency and the integral is over the region of g-mode propa-
gation. These equations allow quantitative analysis of the pul-
sation properties of stellar models based only on their
structural properties, without the need for detailed pulsation
analysis. In the case of GW Vir stars, Kawaler (1986, 1987b,
1988a) shows that I1, is principally a function of the mass of
the star. Using a limited set of models, Kawaler (1990) found
that the value of I, is inversely proportional to the stellar
mass, with a weak luminosity and surface composition depen-
dence. However, below about 10 L, the models showed an
increasing dependence of I, on these quantities.

where

3.2. Departures from Uniformity: Mode Trapping

For completely homogeneous models, the asymptotic
analysis provides an extremely accurate description of their
pulsation spectra. However, stellar evolution theory suggests—
and observations demand—that stars have composition gra-
dients between the C + O core and the helium rich envelope.
These steep density gradients can act as reflecting boundaries
for certain nonradial modes, isolating them in specific regions
of the model. Modes can be “trapped ” either within the C/O
core or between the surface and the He/C + O zone. For white
dwarfs in general, the modes that show the largest effect are
those that are confined to the outer layers, as first shown by
Winget, Van Horn, & Hansen (1981). Extensions of the
analysis of trapped modes began with the unpublished work of
Carl Hansen (1985); extensive discussions about the phenome-
non of mode trapping appear in more recent applications to
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DA, DB, and GW Vir models by Kawaler & Weiss (1990),
Bradley & Winget (1991), Kawaler (1990), Brassard et al.
(1992a, b), and BWW (1993). We refer the reader to these
papers for details of mode trapping in white dwarfs, and sum-
marize the points of relevance to the PG 1159 stars here.

A steep change in composition from helium to carbon (or
oxygen) results in a parallel steep gradient in the mean molecu-
lar weight in the composition transition region. For continuity
of pressure to be maintained across this region the density
must also show a local enhancement in its radial gradient if the
composition transition occurs in nondegenerate material.
Steep density gradients can act as reflecting boundaries. An
obvious such reflecting boundary is at the stellar surface, but
composition transition regions can also provide reflecting
boundaries for certain modes. It is those modes that “see” the
composition transition region as a reflecting boundary that we
refer to as “ trapped ” modes.

Because trapped modes can have their motions confined to
the outermost nondegenerate layers of the model, they require
much less energy to excite. This is easily seen by considering
the kinetic energy in a given mode, as given by

o2 (R
Egoc— j por)*dr, )
2 Jo

where ¢ is the angular oscillation frequency, and or is the
perturbation of the position of a given fluid element. The
density weighting in the above integral shows that in the inte-
rior of a white dwarf, where densities are very high, even small
amplitude oscillations will result in a large value for the kinetic
energy of the mode. Thus if a large amount of energy is
pumped into this mode by an excitation mechanism, the mode
will still have a small amplitude of oscillation. On the other
hand, modes which are confined to the nondegenerate surface
layers by mode trapping will have small values of E. Given a
fixed amount of energy pumped into a mode by an excitation
mechanism, the surface displacement of trapped modes will be
larger than for untrapped modes. Mode trapping therefore can
act as a mode selection mechanism, leading to only certain
modes being observed in pulsating white dwarfs despite many
more modes being linearly unstable. We can use this property
to diagnose trapped modes in our models: they are modes
which have significantly smaller Ex when compared to neigh-
boring modes.

If the only diagnostic for trapped modes was reduced E and
larger growth rate, they would be of academic but not practical
interest. However, as detailed by Kawaler (1987b, 1990), Bras-
sard et al. (1992a, b) and BWW, mode trapping also leads to
departures from uniform period spacing. Aside from the exis-
tence of an observed mode, it is the period difference between
that and adjacent (in n) modes that is the observational diag-
nostic of mode trapping. Generally, trapped modes are closer
in period to the next lowest order mode than the mean spacing.
This can be understood qualitatively as follows. In general, as n
increases, nodes in the eigenfunctions are added, and all move
outward. In stars with steep composition gradients, the effect
of the composition transition zone is to pinch down the eigen-
function at a node and hold on to it, resisting the tendency of
the nodes to move outward with increasing n. Thus trapping
makes the mode look more like a lower n mode than it would
in the absence of mode trapping, forcing the mode to a some-
what shorter period. The amount of departure from uniformity
increases with the effectiveness of mode trapping. Thus sharp
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transition zones result in a large departure from uniform
spacing.

To enable the use of period spacings and the signature of
trapped modes, we construct diagrams of AIT versus II, by
plotting the period differences in a backward sense; that is,
IT, — IT,_, is plotted at IT,,. In this way, minima in ATT usually
correspond directly to modes that are trapped (as identified by
their Eg). For most stars, identifying trapped modes by the
departure from uniform spacing in period is difficult because of
the small number of observed modes. However, many stars
that have been observed with the Whole Earth Telescope show
a large number of modes, with PG 1159 being the best example
(WWET, Fig. 10). (Note that WWET plot their period spacing
diagram as a forward difference.)

Because the action of mode trapping depends on a reson-
ance between the cigenfunctions for the oscillation and the
depth of the composition transition region, the frequencies at
which modes are trapped are sensitive to the geometric depth
(i.e., fractional radius) of the composition transition zone. This
is what makes trapped modes so useful from a seismological
standpoint. The number of modes between trapped modes, and
therefore the difference in period between trapped modes,
increases with decreasing depth of the transition zone. As orig-
inally expressed by Carl Hansen, the periods of trapped modes
are given, in an analytic approximation, by

-1
m = 4nzag[<1 - %)z(z +1) i—ﬂ : @

where A; are a set of constants related to the zeros of Bessel
functions. They have been determined empirically for white
dwarf models by several groups (Kawaler & Weiss 1990; Bras-
sard et al. 1992a, b; BWW). The fractional radius of the com-
position transition region is given by r., and I1; is the period of
the trapped mode that has i nodes between the surface and r,.
Thus the trapped modes in a star can provide a determination
ofr..

3.3. Rate of Period Change

As a star contracts and cools, its periods change in response
to the changing thermal and mechanical structure. As dis-
cussed by Winget et al. (1983) and Kawaler et al. (1985),
cooling processes in PG 1159 stars lead to periods that
increase in time, while contraction results in periods that
decrease with time. Thus in PG 1159 stars there is a tug-of-war
between contraction and core cooling. Since both processes
occur on roughly the same time scales, observed period
changes should be on the evolutionary timescale, but could in
principle have either a positive or negative sign. Models appro-
priate to PG 1159 show periods which increase with time,
indicating that cooling is the dominant process affecting the
region of period formation. Thus while the models are close
(chronologically) to the PNN phase, they have become suffi-
ciently degenerate that contraction is too slow to affect the
periods of normal g-modes. ‘

Various model parameters affect the rate of period change.
Increasing the total mass of the model, or making the core
composition more oxygen-rich, accelerates neutrino cooling
and therefore enhances the rate of period increases. Increasing
the total mass of helium in the helium-rich layer renders the
surface layers less opaque than carbon or oxygen. Such leaky
models can therefore continue contracting to lower lumi-
nosities because the gravitational energy can continue to
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escape. Since contraction alone would cause periods to
decrease with time, helium-rich models therefore have smaller
period increases as the contraction partially undoes the period
increases caused by cooling.

While thinner surface helium layers imply faster period
increases, thin helium layers can also produce mode trapping.
Since trapped modes are largely confined to the outer nonde-
generate layers, where contraction can still be occurring locally
on a shorter timescale than cooling, the periods of trapped
modes are more likely to be decreasing. In fact we find that
strong mode trapping resonances can lead to period decreases
in PG 1159 models. Examples of this effect will be given in the
next section.

3.4. Computational Techniques

The pulsation periods for the models were computed using
the adiabatic nonradial oscillation code assembled by Carl
Hansen, and described by Kawaler et al. (1985). This code
produces precision eigenfrequencies in the adiabatic approx-
imation. The high precision is obtained by using a Runge-
Kutta shooting algorithm, using the input equilibrium
evolutionary model for the coefficients of the equations of non-
radial oscillation. By spline interpolation between model mesh
points, the resulting eigenfunctions are fully resolved. Thus, the
computed eigenfrequencies are relatively insensitive to the
number of zones in the equilibrium models.

4. NUMERICAL RESULTS FOR THE GRID

In this section we describe the behavior of the asymptotic
period spacing, the departures from uniform period spacing
due to mode trapping, and the rates of period change for our
grid of evolutionary models. We conduct our exploration in a
parametric fashion, separately considering changes in stellar
mass, effective temperature, core composition, and the mass
and composition of the surface layer. We use our description of
the pulsation properties in § 3 to explain the trends in our
model grid results. We limited our calculations to [ = 1 and 2
modes because the observations of PG 1159 (WWET) show no
sign of anything other than | = 1 or 2 modes.

4.1. Asymptotic Period Spacings

As discussed earlier, the asymptotic period spacings follow
the trends in the Brunt-Viisdld frequency. The asymptotic
period spacing (I1,) increases as the stellar mass decreases. As
shown in Figure 2, the magnitude of the I, increase is about
2.3-4 s per 0.05 My, (~10%) with the largest differences
showing in our least massive models.

The dependence of I, on luminosity is much weaker than
the dependence on stellar mass. Our results also show a very
gradual rise in II, as the luminosity decreases. Our earlier
discussion explains this; I, is inversely proportional to the
Brunt-Viisild frequency. The Brunt-Viisilid frequency in turn
decreases with increasing degeneracy, reaching zero in the limit
of complete degeneracy. As a model cools, its core becomes
more degenerate. Thus the Brunt-Viisild frequency, on
average within a model, decreases with time and IT, increases
in response.

An even weaker dependence of IT,, on stellar properties is the
dependence on the helium layer mass. The helium layer mass
has a relatively small effect on IT,,. I, increases with decreas-
ing helium layer mass, because the mean molecular weight of
helium is less than that of carbon or oxygen. The changes inIT,
are at most 3%—-4%.
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determined by the total stellar mass. Using our entire grid of
models, we can parameterize the results as follows: Period [s]

M‘ -1.3 L 0.035 q -0.00012
I, = 15.5( — —L
0 <M®> (100 Lo) (10_3> > O

where the right-hand side has the units of seconds. From this
analysis we see that a rough estimate of log (L/L) is sufficient
to derive a precise estimate of the mass of a pulsating GW Vir
star given the mean period spacing of modes with the same !
and consecutive n. Furthermore, a very rough estimate of the
mass of the star can severely constrain the value of I for a series
of equally spaced modes.

4.2. Departures from Uniform Spacing

As we mentioned earlier, mode trapping leads to departures
from uniform period spacing which are sensitive to the thick-
ness of the trapping layer. There are three main characteristics
associated with the period spacing of g-modes that we use as
diagnostics of the compositional structure. The first is the
“trapping cycle,” which we identify with the number of modes
between the period spacing minima (as given by eq. [4]). The
second is the “trapping amplitude,” which is the amount by
which trapping alters the period spacing, measured as the
number of seconds between a period spacing maximum and
the neighboring minimum. Finally, the pattern of trapped
modes shifts in period with changing stellar effective tem-
perature; we call this the “ trapping phase.”

4.2.1. Effect of Compositional Stratification

The trapping cycle is most sensitive to the depth of the tran-
sition zone below the surface, and for our models it provides a
sensitive locator of the He/C + O transition zone. Our thickest
helium layer models have g, = 0.019, and they have trapping

FiG. 3.—Period spacing diagrams for | = 1 modes of 0.59 M models at
Te ~ 130,000 K with different helium-enriched layer masses.

cycles of about 3—4 modes in our 0.6 M models. When gy =
0.0010 the trapping cycle increases to 5—-6 modes, while it
increases to 7 modes for our models with g, = 0.00019. Figure
3 shows period spacing diagrams for a 0.59 M, model with
T = 130,000 K and different helium surface layer masses.
Using these models, we derive the trapping coefficients in equa-
tion (4) empirically, as in Kawaler & Weiss (1990). Representa-
tive values are given in Table 1 along with coefficients derived
for other model sets. Considering the different classes of stars

TABLE 1
TRAPPING COEFFICIENTS FOR WHITE DWARF MODELS

i 1, (PG 1159) 4, (DBy* 4, (DA, KW)* 1, (DA, Bry
0...... 3334010 221 + 0.06 228 + 005
Lo..... 492 ¥ 0.16 438 + 0.06 4.49 + 0.19
Qe 6151018 570+ 033 6.06 + 0.20 6231023
E 745+ 016 7431017 758 + 022 783+ 0.19
4...... 876+ 006  9.20 £ 0.18 9.00 + 0.20 9.18 + 026
LI 1017+ 0.18 1091+ 041 1050+ 030 1044 + 0.17
6...... 1146 + 0.18
. 1277+0.19 1256 + 0.36
8...... 13821035 1415+ 047
9...... 1526 + 026 1577 + 0.32

* DB stands for DB model trapping coefficients from BWW.

® DA, KW stands for DA model trapping coefficients from Kawaler &
Weiss 1990.

¢ DA, Br stands for DA model trapping coefficients from Brassard et al.
1992b.
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modeled and the different input physics for each team, the
agreement of the trapping coefficients for these different studies
is remarkable. The trapping cycle can be obtained by combin-
ing equations (1) and (4) to yield

Aivy — A r NV M O\TY R O\
An ~ 22'8< 0, ><1 - R> 0.6 Mg 10° cm

()

as the number of normal modes between trapped modes IT;
and IT;,, where the composition transition zone is at a radius
r. from the center.

The depth of the trapping layer also influences the trapping
amplitudes, with thinner helium layers having greater ampli-
tudes. When we vary the helium layer mass from ~1072M,, to
~10~*M,,, the trapping amplitude increases from 2-3 to 8- 9 s.
This increase results from the fact that the transition zones
narrow in radius as they move closer to the surface. This is true
because the composition transition zone thickness is pro-
portional to the local pressure scale height which decreases
towards the surface. Additionally, as the surface helium layer
mass increases, the trapping cycle decreases. Eventually, for
layers approaching gy = 0.01, the trapping cycle approaches
two modes. This is consistent with the limit of equation (6) as
gy increases (and r, goes to zero); the limiting value of An is 2.1
for parameters appropriate to PG 1159 and the values of A;
listed in Table 1. Thus in the thick surface models trapping
becomes less selective and its effect on the amplitude of depar-
tures from uniform spacing lessens. This is apparent from the
top two panels in Figure 3. In addition to the He/C + O tran-
sition, there is another transition from C-rich to O-rich in the
outer parts the C + O core (see Fig. 1). The presence of the
C/O transition zone complicates matters slightly when gy >
1072; the result is two trapping cycles superposed on each
other which in turn leads to variations in the trapping ampli-
tude.

Another feature seen in all of our models with the standard
composition profile is the general decrease in the trapping
amplitude as the period increases. At high radial overtones, the
eigenfunctions are concentrated close enough to the surface
that there is little change in the mode’s kinetic energy as nodes
move towards and away from the trapping resonance. Finally,
if we make the composition gradient steeper, but leave the
transition zone in the same place, the trapping amplitude
increases, consistent with theoretical expectations.

Because the trapping cycles and amplitudes are so sensitive
to the location and steepness of the composition gradients of
the two transition zones, we have the possibility—which we
demonstrate with our match for PG 1159 —035—of determin-
ing the compositional stratification of the outer layers of the
PG 1159 stars with confidence.

4.2.2. Effect of Composition Gradients

Our base models have a surface layer consisting of He, C,
and O in the ratio of 78:21:1 by mass, but this composition is
not typical of the atmospheric parameters of the average PG
1159 star. The model atmosphere analyses of WHH (see also
the review by Werner 1993), show the surface is C/O rich, with
compositions closer to 27:58:15 (He:C:0) by mass. Our
model sequences with these surface compositions generally
have similar trapping cycles to standard grid models with the
same helium layer mass, but smaller trapping amplitudes. This
is the result of the reduced steepness of the He/C + O gradient.

ASTEROSEISMOLOGY OF PG 1159 STARS 421

To put it simply, starting out with a surface composed of only
30% helium one needs a smaller composition gradient to reach
pure C + O over a given radial extent. We also constructed a
few sequences with pure helium surface layers; as expected,
these models had the largest trapping amplitudes for a given
helium layer mass of any sequence.

Our basic models have cores that are 57% C and 43% O by
mass, but we also included several 0.59 M, sequences with
enhanced oxygen, including a 40:60 C:O sequences 20:80 C:O
sequences. Models with 57:43 or 40:60 show period spacing
minima which alternate in depth as a result of mild trapping at
the gradient in the C/O ratio in these cores. When we increase
the oxygen to 80%, this “beating” in the period spacing
diagram disappears.

4.2.3. Effect of Stellar Mass

Changing the mass of our model has a relatively small effect
on the trapping cycle and amplitude, but it has a significant
effect on the trapping phase and the mean period spacing,
discussed above. When we increase the model mass from 0.50
to 0.70 M, for gy = 0.019, the trapping cycle drops from 4-5
modes down to 2-3 modes, This trend is the result of the
transition zone interfaces moving closer to the surface in radius
as it remains at the same mass point within the model. The
trapping amplitude also drops with increasing mass, from
about 5 s down to less than 2 s in our most massive models,
due to the increased degeneracy decreasing the effectiveness of
the mode trapping filter.

4.2.4. Effect of Evolution

All of the above period spacing properties change with evo-
lution as our models cool and contract. Our models are emit-
ting copious amounts of neutrinos, causing the core to become
more degenerate. This effectively reduces the amplitudes of the
eigenfunctions in the interior and pushes the nodes of the
eigenfunctions closer to the surface. As a model cools, lower
overtone modes become subject to mode trapping. Thus the
squeezing out of the eigenfunctions lead to trapping suc-
cessively lower overtone modes. This is apparent in Figure 4,
which shows a sequence of period spacing diagrams for suc-
cessively cooler models in a 0.59 My sequence with gy =
0.0023. Each panel in this figure shows period spacing as a
function of period for modes beginning with n = 6. The
trapped modes in the top panel are at n = 13, 19, 25, 31, and
37. By the bottom panel, the trapped modes are at n = 12, 17,
22, 27, and 32. Thus the radial “quantum number” for the
trapped modes has decreased with evolution.

In addition to cooling, the outer (nondegenerate) layers are
contracting. Thus the fractional thickness of the surface above
the composition transition region (1 —r,/R in eq. [4])
decreases with time. With this evolutionary change alone,
equation (4) would suggest that the periods of the trapped
modes should increase with time if the A, and R values are
constant. However, since the evolutionary changes in the
periods of these modes are only 2 to 5 seconds over the span in
time of the models used for Figure 4, the decrease in n for the
trapped modes means the periods associated with the trapped
modes decrease with evolution. Thus the effect of the cooling
core in squeezing the eigenfunctions toward the surface domi-
nates the change in the geometric depth of the trapping region,
and the periods of trapped modes decrease with time. The
decrease in radius of the models also moves the periods favored
by trapped modes to shorter periods, as per equation (4). The
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F1G. 4—Period spacing diagrams for / = 1 modes from a sequence of 0.59
M, models with gy = 0.0023. The luminosities range from about 500 L, to
100 L.

net effect is that the period spacing minima move to lower
overtones, resulting in a change in the trapping phase with
time and a net decrease in the trapping cycle.

4.3. Rate of Period Change
4.3.1. Average Trends

As mentioned previously, our best measure of the com-
petition between cooling and contraction comes from the rate
of period change (=dP/dt) seen in pulsation modes in models
of GW Vir stars. In general, there is an increase in dP/dt with
increasing overtone number, which is a reflection of the
increase in period with overtone number. For comparison pur-
poses, we therefore consider P/P = 1, !, since all modes in a
given model are changing on approximately the same time-
scale. In general, the magnitude of our P/P values are around a
few times 1074 s™1, in accord an evolutionary timescale of
about a million years. Differences between P/P for a given
mode and the average for all modes can arise from mode trap-
ping and other effects that cause individual modes to sample
slightly different parts of the star.

As expected, the magnitude of P/P generally decreases for
increasing stellar mass between 0.50 and 0.80 M, at constant
effective temperature. The P/P-values range from 5 x 10714
s~! for 0.5 M models down to 5 x 1071° s~ for 0.8 M
models near 140,000 K. Figure 5 shows the mean value of P/P
for I = 1 modes with periods between 200 and 800 seconds for
our evolutionary models with several different masses, and

\

offsets their larger neutrino luminosities. This behavior is con-
sistent with the fact that the more massive models have greater
ages, hence evolutionary timescales, than their less massive
counterparts at the same T. Figure 5 also shows that as the
models cool, the evolutionary timescale lengthens, resulting in
decreasing (P/P) with time.

Core composition also affects the rate of period change.
Comparison of models with core compositions of C-rich mix-
tures and O-rich mixture shows that the O-rich models gener-
ally have larger P/P-values. This is a result of the increased
neutrino emission—and faster evolutionary timescales—of the
O-rich models.

4.3.2. Mode Trapping Effects

The period of a given mode will change in response to
changes occurring in the region of the model that are sampled
by that mode. Since each mode samples a slightly different part
of the model, the value of P/P can vary from one mode to the
next. Untrapped modes sample most of the star in these
models, so that they all have roughly the same value of P/P.
However, as mentioned in § 3, modes which are trapped in the
outer layers sample regions where contraction plays a large
role. Thus trapped modes occasionally show period decreases
with time while most modes have increasing periods.

The following example illustrates this effect. The top panel of
Figure 6 shows P/P as a function of period for | = 1 modes in
0.59 M model with gy = 0.0023 at log T, = 5.115. The
second panel (which is the same data as shown in the third
panel of Fig. 3) shows the period spacing diagram for the same
model, and the bottom panel shows the log of the pulsational
kinetic energy. Trapped modes are identified using the bottom
two panels as those modes near a local minimum in the energy
plot, which correspond to modes at minima in the period
spacing diagram. Clearly, the top panel of Figure 6 shows that
trapped modes show minimum rates of period change. In fact,
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in this model trapped modes experience decreasing periods
with time. This is because they sample only the outermost
layers, where gravitational contraction occurs on a signifi-
cantly shorter timescale than in the rest of the star, and on a
timescale shorter than the local cooling timescale.

As with our discussion of the effects of different surface layer
thickness on the period spacings, the behavior of P/P is also
sensitive to gy. Figure 7 shows P/P as a function of period for
several 0.59 My models at the same effective temperature.
These are the same models used to construct Figure 3. The
maximum P/P is the same for each model, but the positions of
the minima change precisely as the minima of AIl, do for
differing values of gy. As the surface layer becomes thinner, the
mode trapping resonance becomes stronger, resulting in larger
negative P/P values and when g, < 0.003, more than one mode
near a trapping resonance can have a negative P/P value. The
extremely similar appearance of Figures 3 and 7, and of the top
two panels of Figure 6, suggests that mode trapping is an
extremely important process in determining the observable
parameters of GW Virginis and similar types of stars. For
instance, modes which are near local minima in period spacing
diagrams could show decreasing periods with time, while
modes at local maxima in Az should have positive values of
P/P. This may indeed be the reason why the 517 s mode in PG
1159 —035 shows a period decrease with time, as discussed in
the next section.

As a star evolves, the modes which are trapped change as
described in the previous section. Therefore the value of P/P
for a given mode will change with time in a complicated way as
the mode moves into and out of trapping resonances. Figure 8
shows P/P for two adjacent modes in one of our sequences that
illustrates this behavior. From Figure 4, we see that the n = 23
mode is trapped for log T, between 5.167 and 5.145, while the

Period [s]

F1G. 7—Rate of period change as a function of period for 0.59 M 5 models
with indicated surface helium layer masses. All models have T, ~ 130,000 K,
and are the same models used for Fig. 3.

n = 22 mode is trapped at and below T = 5.152. Figure 6
shows that P/P is less than zero for n = 23 while it is trapped.
As the model cools the n =22 mode becomes trapped and
so its P/P drops below zero after the n = 23 mode. Below
log T.;; = 5.13, (outside the effective temperature range plotted
in Fig. 4), the n = 22 mode is no longer trapped, and it rejoins
the general trend of positive P/P. As the models cool to the
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FiG. 8—P/P for two modes as a function of stellar effective temperature in
2 0.59 M model sequence with g, = 0.0023.
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lowest temperatures we consider, the number of modes with
negative P/P values drops, reflecting the rapid decrease in the
amount of gravitational contraction present as the models
shrink to their final radii as white dwarfs.

4.3.3. Comparison With Other Models

We also examined the effect of using different types of starter
models on P/P. Winget et al. (1983) used pure carbon poly-
trope starter models—presumably simulating evolution off the
extreme horizontal branch—and obtained negative rates of
period change for all modes examined. We analyzed a similar
polytroplc model, but with a pure helium surface layer of
10 M,, and compared the results to a pure carbon

“evolutionary” PNN core with the same helium surface layer.
While the magnitude of P/P is the same when T, ~ 10° K at
0.4 to 26 x 107 !* s~ the polytrope sequence has a negative
rate of period change, while the PNN sequence has positive
dP/dt-values, as expected. The biggest problem with the poly-
trope sequence is the maximum effective temperatures they can
reach; the above sequence reaches a maximum at about ~ 10°
K, far too cool to represent PG 1159 —035. Still, if many more
modes in PG 1159—035 are found to have negative P/P-
values, we may be forced to consider “puffer ” models similar
to the polytropic ones.

Our P/P-values are 2 to 5 times larger than the values
obtained by Kawaler et al. (1985) for pure carbon models. The
helium-enriched surface layers in our models are more trans-
parent than an equivalent carbon layer, allowing our models to
cool more rapidly and leading to larger P/P-values. Since the
models in Kawaler et al. (1985) were chemically homogeneous,
they did not show the effects of mode trapping (see Kawaler
1987b). This explains why only the hottest models considered
by Kawaler et al. (1985) showed negative P/P-values. The
hydrogen shell burning models of Kawaler (1988b) and
D’Antona & Mazzitelli (1990) show strong signs of mode trap-
ping and numerous negative P/P-values near trapped modes.

5. APPLICATION TO PG 1159

PG 1159 pulsates in over 100 independent modes. In their
analysis of the WET date, WWET were able to identify 19
I =1 mode sets with periods between 430 and 817 seconds.
Within this range, many of the mode sets included all three m
components, while for others only a subset of the available m
components were identified. For the analysis below, we use 19
I=1, m = 0 modes from WWET, which form a sequence of
consecutive values of n with successive spacing in period
between 17.2 and 26.2 s. Figure 10 of WWET shows the period
spacings determined for PG 1159 as a function of period. We
used these period spacings to determine the mass, effective
temperature, surface helium-rich layer thickness, and surface
helium abundance of PG 1159. Our grids of evolutionary and
structural models each provided ample coverage of the avail-
able parameter space for the fitting to be accomplished iter-
atively. We used structural and evolutionary models to derive
separately the properties of PG 1159. We describe the pro-
cedure using the evolutionary models below, and quote results
for the structural models reported elsewhere (Kawaler &
Bradley 1993).

Uniqueness of this set of parameters was checked by com-
puting the differences between the periods and period spacings
of PG 1159 and each of the many models we computed. Mini-
mizing the magnitude of those differences in the multidimen-
sional parameter space in an automated way led us to the same
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model parameters obtained by hand using the procedure
below.

5.1. Structural Parameters

We began by comparing the mean period spacing of PG
1159 of 21.6 + 2.1 seconds (corresponding to a value of I, =
30.5 + 3.0 seconds with eq. [1]) to obtain a first guess for the
mass of 0.59 + 0.05 M. Noting that the spread in the period
spacing could be caused by mode trapping effects, the resulting
error estimate for the mass based on equation (5) is clearly an
overestimate. Since a range of a factor of 10 in the luminosity
estimate would correspond to an additional uncertainty in the
mass of +0.02 M, the subsequent fine-tuning of the models
proceeded using models between 0.58 and 0.62 M .

Within this mass range, a range of evolutionary models with
different luminosities were considered. None of our 0.58 M,
models had mean period spacings less than 21.9 s for | =1
modes. Of the 0.60 M sequences, those with the closest mean
period spacings had effective temperatures less than 111,000 K
and luminosities below 60 L, which are below the probable
range of these properties relevant to PG 1159. For the 0.59 M,
sequences, models in the temperature range from 170,000 to
120,000 K had values of AII, of 21.4 to 21.7 s. None had values
of AIl, less than 21.4 s. We therefore restricted our search for
the closest match to models with M = 0.59 M, and T, >
120,000 K.

The thickness of the surface helium-rich layer, gy, was then
adjusted in an effort to best match the regularity of departures
from uniform spacing (the trapping cycle) seen in PG 1159.
WWET show that the trapping cycle is about 4 modes, with an
average of 80 seconds separating modes at minima in AII
Going back to Figure 3, we see that this trapping cycle requires
models with gy > 0.0023. However, for significantly thicker
helium layers, the effects of trapping become minimized as the
trapping cycle approaches the normal mode spacing. We find
that models which meet the above constraints in mass and T,
have trapping cycles which most closely match PG 1159 when
qy is close to 0.004. Models with thinner helium layers show
trapping cycles that are too long, while models with thicker
helium layers show diminished trapping beyond 600 seconds.

The remaining model parameter is Y. As mentioned
earlier, this parameter influences the amplitude of the depar-
tures from uniform spacing in that the higher the helium abun-
dance, the steeper the subsurface composition gradient. The
amplitude of trapping depends on this gradient, and so models
with large Y, show larger trapping amplitudes. The original
composition profile in the seed models was helium-rich; the
period spacing diagrams for models evolved with that com-
position profile show trapping amplitudes that are much larger
than seen in PG 1159. By reducing the value of Y, we were
able to improve the match with PG 1159. The best fit is for
Y. = 0.27. Figure 9 illustrates this final step in the fitting
procedure. In Figure 9, we show period spacing diagrams for
our structural models with the best-fit values of M, T,;, and
gy and varying surface helium abundances. The decrease in
trapping amplitude with decreasing Y is readily apparent.

Thus we are able to derive the mass, effective temperature,
surface abundance of helium, and helium layer thickness using
the pulsation periods of PG 1159 alone. The best-fit values for
these and other derived quantities are shown in Table 2 for the
evolutionary models and for the structural models, while Table
3 gives the periods of PG 1159 and the best-fit evolutionary
model. Also, the comparison between models and the data are
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LI B s B LS e TABLE 3
25| v-089 —: I =1 Periops of PG 1159 —035 AND BesT-FIT EVOLUTIONARY MODEL
20 :— —: HPG 1159 nmodel l-[1 159 l-Imodel
F | ] (s) (s) n (s) All
FE E 43004.............. 43408 18 —4.04 —094%
25~ - 450.71......oeeen 453.43 19 272 —0.60
E ] 469.57.............. 472.76 20 —-3.19 —0.68
20 \ 3 49485.............. 496.70 21 —1.85 —0.37
L b . S17.18....oiiit 519.09 22 —1.91 —-0.37
e o L A o o B e B 538.16.....ccunnnnn. 537.68 23 0.48 0.09
C ] 55844.............. 558.27 24 0.17 0.03
= 7 58129l 581.14 25 0.15 0.03
603.04.............. 602.64 26 0.40 0.07
— 20 — 622.60.............. 622.22 27 0.38 0.06
A F | . N | | 1 | 64341.............. 644.07 28 —0.66 -0.10
- L B L L L L 666.22.............. 667.39 29 —-1.17 —0.18
5 I ) . E 687710, 689.04 30 -133 —0.19
i I ] 70792 ... 708.49 31 —0.57 —0.08
C P ] 729.50.............. 730.10 32 —0.60 —0.08
o ; nY = 75312 ..., 753.02 33 0.10 0.01
T . T T1377 e 77317 34 0.60 0.08
AL N L R R B 790.94.............. 792.54 35 —1.60 —0.20
25 = 817.12.............. 815.83 36 1.09 0.16
ﬁ ] 840.02.............. 839.31 37 0.71 0.08
ZOL —:
E{ e e ] that of WHH (800*$39 pc), but our errors are 10 times smaller
F ] than those of WHH. This demonstrates the potential aster-
=r g oseismology has for determining the distance (and ultimately
C : the interstellar extinction) of distant objects unavailable by
20— —
r ¥ ] other means.
Ciu PN SRS B SR E E R BT BT

300 400 500 600 700 800 900
Period [s]

FiG. 9.—Dependence of P/P on II for models with different surface helium
abundances. The models in this figure are from the static model sequence of
Kawaler & Bradley (1993). The dotted line shows the period spacings for the
| = 1 modes observed in PG 1159 by WWET.

shown in Figure 10. We note that these two separate model
sequences were computed with independent codes and largely
independent input physics. The agreement between the two
sets of parameters strongly suggests that the results we derive
are not excessively model dependent. Furthermore, these
results are independent of the NLTE spectroscopic analysis by
WHH yet give strikingly similar values of T ¢, M,, and Y.
This agreement lends strong support to the promising tech-
nique of spectroscopic analysis for determination of T and
abundances in these stars.

Using the luminosity from our best model and estimating
the bolometric correction from WHH we derive a distance for
PG 1159—035 of 440 + 40 pc. Our value is consistent with

TABLE 2
MODEL AND OBSERVATIONAL PARAMETERS OF PG 1159 —035

Quantity Static Evolutionary PG 1159035
CATIY(S) wevvenvnennnns 21.6 + 2.1 214+ 1.5 216 + 2.1
Trapping cycle(s) ..... 86.0 + 1.4 85.6 + 1.4 850+ 1.9
T (x10%) oo, 143 136 140 + 5
(07 2 747 7.38 £ 0.1 7+05
M/Mg ..o 0.58 + 0.01 0.59 + 0.01 0.57 + 0.07
RRg oo, 0.0232 + 0.005 0.0254 + 0.005
logL/Lg ..cocennnn. 2.30 2.29 + 0.05 2735341
Distance (pc) ........... 440 440 + 40 800 + 400
Gy v, 0.0030 0.0039 e
Transition zone......... 2H, 1H,

5.2. Rate of Period Change

Since the measurement of P/P for the 516 s mode of PG 1159
in 1985, the sign of P/P has been a thorn in the side of stellar
evolution theory. As described above, all evolutionary models
showed periods that increase with time, while PG 1159 itself
had a decreasing period. Our evolutionary models presented
here may explain why the period of PG 1159 is decreasing with
time: the 516 s mode is a trapped mode. Our best-fit evolution-
ary model has a value of P/P of +2.2 x 107 s™! for the
I=1,n=22,TI = 519 s mode. The trapped mode nearest this
mode in this model is the n = 23, IT = 538 s mode which has a
P/P of —4.7 x 10715 5=, Among the models that are almost
as good a fit as this best overall fitting model, the mode closest
in period to 516 seconds frequently does show a negative P/P,
though usually with a value an order magnitude smaller than
the observed value. Despite our failure to match the observed
P/P with the model with the closest periods, it is clear that
mode trapping provides the answers to why P/P is negative for
the observed mode in PG 1159. Future models, self-
consistently drawn from the AGB through the PNN phase,
will most likely be able to bring this parameter into agreement
with the observations.

One variable that we did not fully explore is the composition
gradient itself. This additional parameter could certainly play a
role in explaining P/P. For example, PG 1159 could have a
transition zone with a composition scale height larger than
ours (i.., a shallower gradient) and a higher value of ¥,;. Such
a model could still match the observed periods and still trap
more modes, with the degree of trapping varying from one
mode to the next. Thus trapped modes would not only be those
at minima in period spacing but also the adjacent modes to a
lesser extent. In such a model, mode trapping effects would be
seen in P/P for more modes, leading adjacent modes to share
the same negative sign for P/P. If this is the case in PG 1159,
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F1G. 10.—Comparison of period spacing diagram for PG 1159 with the
best-fitting evolutionary model (top) and structural model (bottom). Model
periods are indicated by filled triangles connected by solid lines, while the
observed periods are indicated by circles connected by dotted lines. Open
circles in the PG 1159 data indicate period spacings that are less secure than
the solid circles.

we expect the 539 s mode to have a bigger negative value of
P/P than the 517 s mode.

6. IMPLICATIONS AND CONCLUSIONS

Our seismological determination of the mass of PG 1159 is
very close to the mean mass (~0.60 M) of the PNN stars, DB
white dwarfs (Weidemann 1990 and references therein), and the
DA white dwarfs (0.56 M ; Bergeron, Saffer, & Liebert 1992).
Our value of 0.59 M, is consistent with these values, and is
nearly the same as the mass determination for the DBV white
dwarf GD 358 at 0.61 M (Bradley & Winget 1993).

The thickness of the surface layer is less than that given by
“standard ” stellar evolution theory (Iben 1991; D’Antona &
Mazzitelli 1990), and is evidence that mass loss extended all the
way down into the region where helium shell burning took
place. Iben et al. (1983) presented a possible evolutionary path
whereupon a star is converted to a hydrogen-deficient com-
position by being “born again” on the AGB. The surface
abundance from this evolutionary path is represented by the
73:26:01 (He:C:O) of our “seed ” model from Iben (1984). An
examination of the composition profile shows a region deeper
within the model where the abundances are closer to the
observed value of 33:50:17 (He/C/O) we observe, suggesting
that even more mass loss took place. Finally, there is the
potential problem of the observed P/P-value; if most of them
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are negative, we have to face the fact that something is amiss in
our models.

6.1. Other DOV Stars

Although the GW Vir stars PG 1707 +427, PG 2131 + 066,
and RX J2117 + 34 have all been observed with the WET, and
the pulsating central stars of NGC 1501 and Sand 3 with a
CCD photometry network (Bond et al. 1994), analysis of the
data is still underway. Previous photometry and the spectro-
scopic analyses of Werner and collaborators (summarized in
Werner 1993), support a mean mass of 0.55-0.60 M, for all the
PG 1159 stars. Also, all of the PG 1159 stars analyzed so far
show similar spectroscopic abundances to PG 1159 —035 itself,
suggesting that whatever the previous evolutionary mass-loss
phase was, it was remarkably uniform in stripping mass down
to a specific point in these stars.

However, two major puzzles remain for this picture. First,
only half of the naked PG 1159 stars pulsate; two of these
stars, (PG 1424 4 535 and PG 1520 + 525) are spectroscopically
identical (within our ability to measure) to the pulsators PG
1707+ 427 and PG 1159 —035. While the mass-loss process left
these stars with similar surface abundances, there are signifi-
cant pulsational differences. There are two ways available to
answer the questions posed by these problems. First, we have
ROSAT available to extend our spectroscopic coverage into
the EUV and X-ray portions of the spectrum. There are quite
sensitive to the presence of heavy elements at levels which
would not be detected by lines absorption in the optical or UV.
New OPAL opacity tables appropriate for the He/C/O mix-
tures observed are now available (F. Rogers 1993, private
communication). The time is now ripe for a new com-
prehensive analysis of the nonadiabatic properties of PG 1159
models to determine how sensitive their pulsation properties
are to heavy element abundances and if the helium
“poisoning ” problem (see below) is still present.

6.2. Driving Mechanisms

The most likely cause for pulsation driving in the PG 1159
stars is the k — y mechanism operating in the surface layers of
these stars where carbon and oxygen are partially ionized. This
region lies approximately 10”°M, below the surface, where
the temperature is about 2-5 x 106 K (Starrfield et al. 1983,
1984; Stanghellini et al. 1991). While this mechanism is capable
of driving many pulsation modes, the presence of more than
~20% helium is sufficient to eliminate pulsation driving at
effective temperatures appropriate to the GW Vir stars. The
observed surface abundances showing nearly 30% helium
imply that either the layers at which C/O driving occurs are
further depleted in helium, or the amount of helium that can
poison the driving is higher than the observed value. We note
that all of the previous investigations of driving make use of
Los Alamos Opacity Library (LAOL) tables, which have lower
opacities, in general, than the newer OPAL opacities (Rogers
& Iglesias 1992) (this results from the inclusion of many more
lines, especially in the iron group elements, in the OPAL
calculations). OPAL opacities for He/C/O rich mixtures are
under construction, (F. Rogers 1993, private communication)
so we should soon have more reliable calculations of C/O
partial ionization driving at the observed photospheric abun-
dances.

6.3. Possible Progenitors

Werner (1993), WHH, and Mendez (1991) suggest there
is a link between the PG 1159 stars and hydrogen-deficient
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PNN and they follow the evolutionary sequence of: WC
central stars » PG 1159 stars »hot DO stars. Further
support for this sequence comes from the spectra of the planet-
ary nebula Lo-4 (Werner et al. 1992), which underwent a spec-
troscopic outburst. During the outburst, the spectrum changed
from the normal PG 1159 type to that of a WC star.

Standard stellar evolution (see Iben 1991; D’Antona & Maz-
zitelli 1990) has difficulties in accommodating hydrogen-
deficient post-AGB objects such as the WC PNN and PG 1159
stars. In order to remove all the hydrogen from their models,
stellar evolution modelers require that the final mass ejection
phase occurs during a thermal pulse of helium burning; at
present, there is no obvious reason to prefer mass ejection
during a thermal pulse. D’Antona & Mazzitelli (1990) mention
that the minimum gy their models reach through this process is
~0.002, quite close to that of PG 1159 —035.

The observed element distribution suggests we are seeing
remnants of the helium buffer layer of a previously thermally
pulsing AGB star (WHH). This pretty picture is complicated
by the presence of stars like PG 1144 4005, which has signifi-
cant amounts of nitrogen at the surface (Werner & Heber 1991)
and is a nonvariable. We see a similar picture with RX
J2117 + 34 and KPD 0005 + 5106, where the nonvariable star
(KPD 0005+5106; Sion & Downes 1992) shows nitrogen
lines, while RX J2117 + 34 does not (Motch et al. 1993). These
authors suggest that the PG 1159 stars underwent a final
thermal pulse—such as the “born again ” scenario of Iben et al.
(1983) and Iben (1984)—in which most (or all of the hydrogen
was consumed. Afterwards, a stellar wind could carry away
and remaining hydrogen and most or all of the nitrogen pro-
duced in the final thermal pulse. Clearly, we need more work
on stellar evolution models with mass loss to see if the observa-
tional evidence can be duplicated in detail. This, in conjunction
with the additional constraints to be provided by nonadiabatic
pulsation analyses may finally strip away some of the questions
concerning where PG 1159 stars come from.

Although we now have some clues to the progenitors of the
PG 1159 star, what they evolve into is more of a mystery. The
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lack of observed hydrogen in their spectra makes it unlikely
that they are progenitors of the DA white dwarfs. If we use the
WC — PG 1159 — DO sequence, then the PG 1159 stars will
become DO white dwarfs and then DB white dwarfs as gravi-
tational settling forces the heavier elements below the surface.
The helium-rich layer in PG 1159 has a mass of 0.003-
0.004M ; while thinner than in standard evolutionary models
this is still much more helium than deduced for the carbon-
polluted DQ white dwarfs (~1073-3~*M_; Bradley & Winget
1993). Does PG 1159—035 simply happen to have more
helium left on the surface than those other stars? If so, it will
become a DB white dwarf with gy ~ 0.003, and there is in
general a range in the helium layer thickness in DB and DO
white dwarfs. On the other hand, there may also still be some
mass loss going on in PG 1159—035 which will eventually
reduce gy to the value seen for GD 358, though spectroscopic
evidence suggests otherwise (Liebert et al. 1989). A significant
stumbling block with this picture lies in the form of the
observed lack of DO or DB white dwarfs between 45,000 and
30,000 K (see Liebert 1991 and Fontaine & Wesemael 1987).
What then happens to DO white dwarfs like PG 1159 in this
“exclusion zone ”?

Clearly, the results we find for PG 1159, taken together with
past seismological and spectroscopic abundance analyses, pose
some very difficult questions about the “standard model” of
evolution of AGB stars into white dwarfs. Further work
involving the pulsating and nonpulsating PG 1159 stars and
DB white dwarfs is obviously needed to develop a coherent
picture of this rapid but fascinating phase of stellar evolution.

The authors are indebted to the team of observers that com-
prises the Whole Earth Telescope project for making this
detailed analysis possible, and therefore reining in theorists
who would otherwise go astray. Carl Hansen, Howard Bond,
Ed Nather, Don Winget, Hugh Van Horn, and many others
deserve thanks for many stimulating and challenging dis-
cussions. This work was supported in part by NSF grant AST
91-15213 to Iowa State University.
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