PHYS 813: Statistical Mechanics, Assignment 1
Due 2/28/08

1. Consider three variables, x, y, and z, two of which are independent. Show that
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2. The velocity of sound is given by
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where p, p, S, and N are the pressure, density, entropy, and number of moles of a
fluid, respectively.

(a) Consider first an ideal gas and show that vy is given in this case by
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where R is the gas constant, T', M, c,, cy and xr are the temperature, molar
mass, specific heat at constant pressure, specific heat at constant volume and

the isothermal compressibility of the gas, respectively, and ¢ is a constant equal
to 3/2 for a monoatomic gas.

(b) Now consider a general fluid and show that the expression for vg is the same as
the one for the ideal gas written in terms of ¢p, ¢y, and k7.

3. A substance has the following properties:

(a) At a constant temperature Tp, the work done by it on expansion from a volume
Vo to Vis

\%
W =RIyln —
ODVO

LV (TN
S_RV <To>

where ¢ is a constant equal to 3/2 for a monoatomic gas.

(b) The entropy is given by

Find (i) the expression for the Helmholtz free energy; (ii) the equation of state; (iii)
the work done at an arbitrary constant temperature.



4. Show that for a van der Waals gas the heat capacity at constant volume, Cy, is a
function of temperature alone. The equation of state for such gas is
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where p and N are the pressure and the number of moles of the gas, R is the gas
constant, and a and b are constants characterizing a given gas. Show next that
Cy = ¢NR, where c is a constant equal to 3/2 for monoatomic gas, i.e., is the same
as for ideal gas.

5. Calculate the internal energy U and the entropy S (relative to the values Uy and Sy,
respectively, in some reference state at T' = Tp) of a monoatomic van der Waals gas
as functions of temperature 7' and volume V. The equation of state for such gas is
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where p and N are the pressure and the number of moles of the gas, R is the gas
constant, and a and b are constants characterizing a given gas. You may use without
proof the fact that Cy is independent of V' for a van der Waals gas.

6. When a sound wave passes through a fluid (liquid or gas), the period of vibration is
short compared to the relaxation time necessary for a microscopically small element
of volume of the fluid to exchange energy with the rest of the fluid through heat
flow. Hence compressions of such an element of volume can be considered adiabatic.

By analyzing one-dimensional compressions and rarefactions of the system of fluid
contained in a slab of thickness dz, show that the pressure p(z,t) in the fluid depends
on the position x and the time t so as to satisfy the wave equation
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where the velocity of sound propagation u is a constant given by u = 1/,/pokg. Here
po is the equilibrium density of the fluid and kg is its adiabatic compressibility:
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where the derivative is taken at constant entropy, i.e., the compressibility is measured
under the conditions where the fluid is thermally insulated.

7. The material constants are often connected by rigorous relations. Find such a rela-
tion between the isothermal compressibility xp, adiabatic compressibility xg, coef-
ficient of thermal expansion at constant pressure «, and heat capacity at constant
pressure C), for a system with a fixed number of particles (you should express k7 —Kg
in terms of a, Cp, temperature T', and volume V). The coefficients are defined as
follows:

o= _ L (OV he e L (OV oo L(V o —7(95
v e ) T v\ap )y T vier), P \or),



(a) Since the definitions include quantities S, V, T, and p, show that these quan-
tities can be expressed as appropriate functions of each other by using only the
postulates and basic definitions of thermodynamics.

(b) Find a relation involving derivatives of all four quantities, preferably the deriva-
tives from the definitions given above. Use rigorous mathematical reasoning (no
“dividing of dy by dz”).

(¢) Your expression will depend on at least one derivative not appearing in the
definitions given above. Eliminate this derivative by using the “three deriva-
tives” formula and a Maxwell’s relation. Derive the particular Maxwell relation
employed.

8. Similarly like in the problem above, but find a relation connecting x7, kg, Cp, and
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