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Lecture #6Lecture #6

Addition of the angular momentum states Addition of the angular momentum states 

ClebschClebsch--Gordon coefficients & 3j symbols Gordon coefficients & 3j symbols 

Irreducible tensor operatorsIrreducible tensor operators

WignerWigner--EckartEckart theoremtheorem

Graphical representation Graphical representation 

6j symbols 6j symbols 

Chapter 1, pages 11Chapter 1, pages 11--20, 9520, 95--98 of the Lectures on Atomic Physics98 of the Lectures on Atomic Physics

Chapter 6, pages 223Chapter 6, pages 223--228 of QM by 228 of QM by JaspritJasprit Singh Singh 

Atomic manyAtomic many--body theory, Lindgren & Morrison, pages 29body theory, Lindgren & Morrison, pages 29--37,3937,39
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Quantum mechanics of the Quantum mechanics of the 
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Addition of the angular momentum statesAddition of the angular momentum states
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Addition of the angular momentum statesAddition of the angular momentum states
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� How many states?
• What are the values of j and m?
• How to build       ? jm

1 2 1 1 2 2
1,

1 2
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1 2( )
m m

j mj j jJM j m JMm mj= �

Clebsch-Gordon
coefficients
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Example: two p electronsExample: two p electrons
1 2= +L l l

1 1l ml1=1

l2=1

L = ?
M = ?

2 2l m
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Example: two p electronsExample: two p electrons
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Example: two p electronsExample: two p electrons

( 1) ( 1) , 1

( 1) ( 1) , 1

L LM L L M M L M

L LM L L M M L M

−

+

= + − − −

= + − + +

{ }

{ }
{ }

1
10,11 11,10

2
1

2 1 1,11 2 10,10 2 10,10 2 11,1 1
2

1
1 1,11

(11)21 6 (11)20

(11 2 10,10 1 ,)20 1 1 1
6

L L−− = + =

= − + + + −

= − + + −

=

�1�
 2��
�
�
3���
���
��������
����
���
�'
��
���	

��
��
���
����

��
���

��
���
���� ��
��

�	
�"�

1 1,1 1  2  (11)2  = − −−
{ }

1 1,1 1(11)2 2 2 (11)2 1

(11)2
1

10,1 1 1 1,10
2

1

LL+ += − −

= − + −

− = −

−

Example: two p electronsExample: two p electrons

Summary so far: L=2, M=2,1,0,Summary so far: L=2, M=2,1,0,--1,1,--22
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Example: two p electronsExample: two p electrons

Next step: L=1, M=1Next step: L=1, M=1
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11,10(11)1 101 ,11a b= +

Maximum mMaximum m11�� aa is positiveis positive

Example: two p electronsExample: two p electrons

Next step: L=1, M=1,0,Next step: L=1, M=1,0,--11

11,10(11)1 101 ,11a a= −
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Example: two p electronsExample: two p electrons

Next step: L=0, M=0Next step: L=0, M=0
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10,10 1 1,11 11,1 1

(11)10 (11)00 0 

(11)20 (11)00 0 
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10,10 1 1,11

(11)00

(11)00 11,1 1

a b c

b c

a b

Phase convention c must be positive

a a a
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1 1,11 10,10 11,1 1

3
(11)00 = − − + −

Note: we also calculated all relevant Note: we also calculated all relevant 

ClebschClebsch--Gordon coefficientsGordon coefficients
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Clebsch-Gordon
coefficients
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Addition of the angular momentum statesAddition of the angular momentum states

1 2= +J J J
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� How many states?
• What are the values of j and m?
• How to build       ? jm

1 2 1 1 2 2
1,
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1 2( )
m m

j mj j jJM j m JMm mj= �

Clebsch-Gordon
coefficients

General case General case 

1 1 2 2
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ClebschClebsch--Gordon coefficients:Gordon coefficients:

general formulageneral formula

( ) ( ) ( )
( )
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ClebschClebsch--Gordon coefficients:Gordon coefficients:

symmetry relationssymmetry relations
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ThreeThree--j symbolsj symbols
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ThreeThree--j symbols:j symbols:

symmetry relationssymmetry relations

3 1 2 2 3 1 1 2 3
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ThreeThree--j symbols:j symbols:

orthogonalityorthogonality relationsrelations
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Irreducible tensor operatorsIrreducible tensor operators
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WignerWigner--EckartEckart theoremtheorem
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