September 25

* Lecture #6

1
Addition of the angular momentum states

Clebsch-Gordon coefficients & 3j symbols
Irreducible tensor operators
Wigner-Eckart theorem

Graphical representation

6j symbols

Chapter 1, pages 11-20, 95-98 of the Lectures on Atomic Physics
Chapter 6, pages 223-228 of QM by Jasprit Singh

Atomic many-body theory, Lindgren & Morrison, pages 29-37,39

Quantum mechanics of the
i angular momentum: SUMMARY

- 7% jm) = ) + D) jm)
[ 319 ] =gy, 3,|m) =m jm)

A=i(j+1)
m=-j,—j+1...,)—1,j :(2] +1)eigenfunctions
for eachvalueof |
j:0,1,1,§ 2,..
2
3, =3,+iJ, J.|im)=yj(j+D-mm+D)|j m+3

J_=3,-iJ, J_|im=i(j+)-mm-1)| j m-13




i Addition of the angular momentum states

J=J,+J,
IZimy) = jy(i,+ D) imy) 37| iom,) = jo(io+ D] i m,)
‘le| Jlrnl> = m1| j1m1> J2z| j2m2> = m2| sz2>

32| jm) = j(j +1)| jm)
3, jm)=m| jm) ‘? {

J=J,+J,
i Addition of the angular momentum states

What do we
want to find?

J2|jm) = j(j +1)| jm)
J,| im)=m| jm)

 How many states?
e« What are the values of j and m?
* How to build |jm?
Clebsch-Gordon
coefficients

|(ai)IM) = 2 [imyjm) (myj,m,[IM)

ml,m2




L =1, +1,

Example: two p electrons

Strategy:

=1 [lm,) 1. Find the state with maximum M,
=1 ||2mz>

2. Use lowering operator L_ to find all states
with L., M where M=L., ... "Ly o
Note: one can combine M,,,,L_and M_,,L..

3. Find state with L=L,,,-1 and correspondin
maximum value of M. Use orthogonality
condition or L, | L1,Mpac1>=0

Rename L, =Lnax-1
and repeat until all of the _ Note: need phase convention
(21,+1)(21,+1) functions are obtained

L L) = EC+D MM D|LM - =1 [lm)
=1 |I2mz>

Example: two p electrons

1. Find the state with maximum M,,,: M, .,.=2

|(|1|2)LM> :||1mu|2mz>
|(11)22) =|11,10)

2. Use lowering operator L_ to find all states
with L., M where M=L,_, ... -L;oy L =I.@+1_(2
Note: one can combine M.,,L_ and M_,,L..

L|11)22 = 2 11)2)=L_[11,13 =V 2 10,11+ P 11,1
|(11)2:I>:%{|10,11>+| 11,1




L |[LM)={L(L+1)-M M -D)|L,M -1

L, [LM)={L(L+1)-M M +D)|L,M +1)
i Example: two p electrons

2. Keep use lowering operator L_ to find all states with L,,, M

L @29 =+ (11)2p= % L{]20,13+| 12,29} =

:%{ﬁ|1_1,1;+(q 10,1p+v/ £ 10,30 [2 151)}

|(1J)20)=%{|1—1,11} +210,10+| 1 1- 1}

2’. One can keep use lowering operator L_ to find all states with L 2

or use M, state and L,.

max ™~

min

L.

@n2-2=73@1nz =L,
|(11)2-

11)2-2) =[1-1,1- 3 1119

10,- 3 +| + 1,19

=

Example: two p electrons
i Summary so far: L=2, M=2,1,0,-1,-2

|(11)22 =|11,13
|(11)2]>:%{|10,1i)+| 11,19
|(11)2q=%{|1—1,11)+ 3 1010)+|11,% 3}

1
|(11)2—J>:${|10,1— 3+ 119
|(112-2)=1-1,1- }




Next step: L=1, M=1

‘ Example: two p electrons

3. Find state with L=L, -1 and corresponding
maximum value of M. Use orthogonality
conditionor L, | L, -1,M__-1>=0

max max

|(11)1)=4a|11,10 +b| 10,1}
(@111 @n21=00r L,|(11)1h=0=>a+b=0

Phase convention: positive coefficient for the term with maximum m,

|(11)11)=a|11,10 +b|10,11)

Maximum m,;= a is positive

Example: two p electrons
i Next step: L=1, M=1,0,-1

|(1D)11)=al11,10 -al10,11)
Use normalization condition to find a <(11)1]l (11)1;1: L. a -1

NE

|A111)= %{m,]o) -|10,11}

M

2 (repeat). Use lowering operator L_ to find all states with L

max/

|(11)1q:%{|11,1— 3-| 1,13
|11~ J>:%{|10,1— 3-| 1+ 119




Next step: L=0, M=0

‘ Example: two p electrons

3(again). Use orthogonality condition to get |(11)00>

(1100 =a|10,10 +b| I~ 1,13+c| 11,3 )1
(@114 11)090= 0- b=c

(11)20 (11)00= 0> a=-b

Phase convention : ¢ must be positive.
(1100 =-a|10,10 +a| + 1,11+a[11,1- }

Use normalization condition to find a <(11)0q (11)0@2 L. a -1

V3

|(11)00>:%{|1— 113-]10,1p+| 112 )}

Clebsch-Gordon coefficients

i Note: we also calculated all relevant

Clebsch-Gordon

(o) IM) = ngzl By j,m,) (jmyj,m,| M) coctfictents
(1122 =[11,13 . (11123=1
|(11)2]>:%{|10,11)+|11,D>} -~ (1011 2;1:<11,m|21>:%
|(11)20>:%{|1—1,11>+ 310,1p+| 11-1} - (10,1 :o):\E,,,_




J=J,+],

i Addition of the angular momentum states

What do we
want to find?

J?jm) = j(j +1)| jm)
J,| jm) =m| jm)

 How many states?
e What are the values of j and m?
« How to build |jmp
Clebsch-Gordon
coefficients

|(ad) M) = 3 | jmgj moy(j,m j,m, [ IM)

ml,m2

i General case

[(Gud)IM) =" [ iamy myp) (Gmyj,m,| M)

ml,m2

‘]z:‘]lz+‘]22 - M:rnl+m2

“Maximally extended” state | INE 2>

J2=32+32+23,3,+3,1,+J. 3,

‘JZ| INe j2j2> :(jl(j1+1)+ J (1. + D+ 2] 2)| 142 ﬂz>
= Kb Mot iot Dy bolo)

Jnax = It 2




Jax = 1t 12
i Jmax=j1+j2’ Jmin=?

Total number of states: (2j;+1)(2j,+1) -JsM<J

Zmzin(n+1)
=R

i1*iz2 m

_ z (2j+D= (2j1 + 1)(2j2 +1 «— Jmax J max Jmin-1

1=Imin z m= z m-— z m
m=Jmmin meL m=1

Imax=itti2
Z (ZJ + 1) = ‘]max (‘J max+ 1)_ J min (‘] min+ 1)+ J max_ J min+ 1=

i=Imin

= (&+ DR+ 1

«— Triangular
condition

Join =1~ 1 - i< I<i+i,

Clebsch-Gordon coefficients:

i general formula

Wigner (1931)
Racah (1942)

(h+i=i)M(i+i= i (i+im )2 +D)
(i+i+i,+2)!

(myjm, | jm) = 5ml+m2,m\/

xzk: k!( (_1)k\/(j1+ml)!(j1_m1)!(j2+m2)!(j 2_m2)! (J +m)! (J _m)

j1+j2_j_k)!(jl_ml_k)!(j2+m2_k)!(j_j2+m1+k)(j_jl_mz'l'k)




Clebsch-Gordon coefficients:
i symmetry relations

Neither
transparent or
convenient!

<j1_mlj2_mz| j _m> =(-1 iz <J1rrUzmz| Jm>

(Jomyjmy] jm) = (=127 (j m,j m, | jm)

(i =i, =m) = (-2 2L o, )

i Three-j symbols
‘3-j symbol

j ] 1 i1=j2-m3 . )
( ! ? j ( Janzm2|Js_m3>

m m m)  2j,+1

I’nl+|’nz+m3:0




Three-j symbols:
i symmetry relations

(J’g i szjz is JlHjl i) ij
nh rnl m2 m2 m3 ml ml m2 m

| 312- 23} 123no change with even permutations |

[jz j1 jSJZ(_l)j1+j2+j3[jl jz Jsj
m m m; m,_m, my,

| 213-132321: phase change with odd permutations |

[ jl jz js jz(_l j1+j2+j3(j1 jz J3j
-m -m, —-m, m_m, mg

Three-j symbols:
i orthogonality relations

Z j1 jz jal jl jz j3 _ 1 5. 5
mm\My - My, m, )ilm m, m, 2j3+1 j3'i3”mz'm3

Z(2j3+1)(11 B Jsj(lll iz ;13j:5q'm5m2'm2

iam3 ml mz m3 ml mz 3
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i Irreducible tensor operators

Irreducible tensor operators: a family of 2i+1 operators
with g=-I,-k+1, ..., k satisfying the commutation relations

[3,.T =Ty
(2.7 = Jkta+DkFa)Ty,

How to calculate their matrix elements?

i Wigner-Eckart theorem

Matrix elements of irreducible tensor operators
between angular momentum states are evaluated using
Wigner-Eckart theorem

o
<jm\qu\12m2>=<—1)ﬂ'"“(_’;l ] r’nj i T i2)

imITxl i 20 if Reduced matrix elements:
<Jlml‘ 2 ‘ Jznb> no dependence on the
g=m-m maghetic quantum numbers

|j1_j2|Sij1+j2

Transition selection rules
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