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7.1 Introduction 

Photons of sufficient energy can, on absorption, kick an electron off an atom or ion. If the atom or ion is 

in its ground state, the minimum photon energy that can do this is called the ionization potential, usually 

denoted by I or χ. For hydrogen, χH = 13.6 eV. Since 1 eV corresponds to a temperature of 11600 K, χH 

corresponds to a temperature of 1.5 105 K. Hence it might be expected that temperatures of order 105 K 

are needed for ionization to occur. However there is additional factor involved in determining the 

balance between ionization and recombination. The recombination rate is proportional to the product 

of the electron number density and the number density of the ions in the higher ionization state, 

whereas the ionization rate is proportional to the number density of the ions in the lower ionization 

state. Hence the recombination rate has a quadratic dependence on the density whereas the ionization 

rate is linearly dependent on the density. Higher temperature is need for ionization at high density than 

at low density. At the densities typical of stellar envelopes, there are sufficient numbers of photons in 

the high energy tail of the Planck distribution for ionization of hydrogen to begin at T ~ 10,000 K. Since 

the ionization potential of neutral helium atoms is χHe = 24.6 eV, ionization of helium atoms begins at T ~ 

20,000 K. Similarly, since χHe+ = 54.4 eV, the transition from He+ to He++ begins at T ~ 50,000 K. 

 

7.2 The Boltzmann excitation equation 

Consider a single species of atom which has a number of bound states. Consider a large number of such 

atoms in contact with a thermal bath at temperature T. Let ni be the number of atoms in state i and let 

the excitation energy of state i be χi. The excitation energy is the energy required to the lift an atom 

from its ground state to the excited state. Let gi be the statistical weight of energy level i that accounts 

for degenerate sublevels. The Boltzmann excitation equation gives that the population of state i relative 

to the ground state is 
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7.3 The Saha ionization equation 

Above the discrete bound states, there is a continuum of levels in which an electron is unbound and has 

non-zero kinetic energy. The energy (measured relative to the ground state) at which this continuum 

begins is the ionization potential, χ. We can find the relative numbers of atoms and ions is successive 



 
 

2 
 

stages of ionization from the Saha equation, which we will derive by extending the Boltzmann equation 

to continuum states. 

To start, consider a situation in which an atom in its ground state is ionized, resulting in an ion in its 

ground state plus a free electron. The energy required to do this is 
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where q is the electron momentum. From the Boltzmann formula 
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where n1(q) dq is the number density of ions with accompanying  electron  with momentum between q 

and q + dq, g(q) dq is the statistical weight of the ion plus electron, and g0 is the statistical weight of the 

atom. 

The statistical weight of the ion plus electron is the product of the statistical weight of the ion and the 

statistical weight of the electron 

 ( ) ( )1 .
e

g q g g q=  (7.3.3) 

To obtain ge(q), we use Pauli’s exclusion principle which states that for fermions, no more than 1 particle 

can occupy a quantum state.  Here a quantum state is a bin in phase space of volume h3. Since the 

electron can be in one of two spin states, we get 
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[The 1/ne factor comes from the space volume element. It is the volume per electron.] 

Hence 
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Integrating over q we obtain 
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Evaluating the integral gives 
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Of course, atoms and ions are not confined to their ground states. To take into account all of the bound 

states, the statistical weights must be replaced by partition functions, which give how the internal states 

of an ion are populated relative to the ground state.  

The Saha equation is then 

 

3 2

1 1

2

0 0

2
2 exp ,e e

n n m kTG

n G h kT

π χ   = −  
  

 (7.3.8) 

where the partition functions are given by 
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and 0 and 1 refer to two successive ionization states. 

 

7.4 A difficulty and its resolution 

Let’s apply the Saha equation to ionization of atomic hydrogen. The energy levels of the hydrogen atom 

relative to ground state are 
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where n = k +1 is the principal quantum number of the state. If we fix the spin of the nuclear proton, the 

statistical weight of state n is 2n
2. Hence 
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Since 
2
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we see that the partition function diverges! 

This is correct for a single isolated hydrogen atom. However hydrogen atoms in a star are not isolated. 

They interact with other particles. The inter-particle interactions modify the statistical weights of the 

internal states (and to a lesser extent the energy levels). This can be modeled by introducing occupation 

probabilities, wi, such that 
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where 0,
i

w →  as .i → ∞  The wi’s depend on the nature of the interaction. 
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 7.5 Ionization of hydrogen 

Hydrogen can exist in many forms including H2, H2
+, H-, H, and H+. Dissociation of H2 is important in lower 

main sequence stars, and H- is an important opacity source in the Sun and solar-like stars. Here we will 

consider the ionization of H to H+. 

To get some insight into the conditions at which ionization occurs in a pure hydrogen gas, make the 

approximation G = g0 for atomic hydrogen. Let the number densities of neutral atoms, ions and 

electrons be n0, n+ and ne respectively. Also let nH be the number density of H nuclei.  By charge 

neutrality 
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Also 
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To measure the degree of ionization, define 
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so that f ranges from 0 for completely neutral hydrogen to 1 for fully ionized hydrogen. 

The Saha equation gives 
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If we fix the spin of the proton, then g+ = 1 and g0 = 2. (Alternatively, if we do not fix the proton spin but 

allow it two spin states, then g+ = 2 and g0 = 4.) Hence 
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where T is in units of K and the density is in units of kg m-3. 

To locate the ionization zone on the log ρ – log T diagram, consider the curves for f = 0.1 and f = 0.9. 

f = 0.1 f = 0.9 

T/(103 K) ρ (kg m-3) T/(103 K) ρ (kg m-3) 

6 6 10-10 6 8 10-13 

10 5 10-5 10 7 10-8 

20 4 10-1 20 5 10-4 

50 2 102 50 3 10-1 
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The graph below shows the ionization curves (thick lines) together with a solar model (thin black line). 

The X marks the location of the solar photosphere. 

 

We see that hydrogen is mainly neutral in the photosphere, and the ionization zone ranges in 

temperature from about 11,000 K to 51,000 K. 

 

7.6 The effect of ionization on the adiabatic gradient 

Here we consider the effects of ionization on the equation of state and in particular the adiabatic 

gradient. 

The gas pressure is 
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We see immediately that the mean molecular weight depends on the degree of ionization. 

This expression for the pressure can be used to find the density differential 
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The internal energy per unit volume is 
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The last term on the right hand side is the potential energy of the neutral atoms. Here the zero energy 

level has been taken to be at the bottom of the continuum. 

The internal energy per unit mass is then 
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For an adiabatic change 
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Collecting like terms together, we get 
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Using the expression for the pressure to eliminate the density from the Saha equation gives 
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Taking the natural log of both sides gives 
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where C is a constant. Hence in differential form 
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On eliminating df from equations (7.6.7) and (7.6.10), we find for an adiabatic change 
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Hence 
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We see that in completely neutral material (f = 0) or in fully ionized material (f = 1), we recover the value 

for a perfect gas, 2 5.
ad

∇ =  At the onset of ionization, which we take to be when f = 0.1, 

0.07 ,
H

kT χ∼ and hence 0.1.
ad

∇ ∼  Hence we conclude that the adiabatic gradient can be much 

reduced in ionization zones, which makes convection more likely. (We shall see later that the opacity is 

increased in ionization zones, which also makes convection more likely). 

 

7.7 The effect of ionization on the specific heat 

The specific heat at constant pressure is 
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Since the pressure is constant 
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and, from the Saha equation, 
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Also 
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After much algebra, we obtain 
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For completely neutral hydrogen 5 2 .
p u

C k m=  The specific heat at constant pressure is twice this for 

completely ionized hydrogen, because there are twice as many free particles per unit mass. At the onset 

of ionization, ( )7 5 2 .
p u

C k m∼  Hence ionization greatly increases the specific heat.  This is because 

added heat goes mainly into lifting electrons out of the potential well of the atomic nucleus rather than 

increasing the kinetic energy of the atoms. 
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7.8 Pressure ionization 

At the center of the Sun, 71.510  K,T ≈  and 5 310  kg m .ρ −≈  The Saha equation for hydrogen gives f = 

0.75, i.e. 25% of the hydrogen atoms are neutral even though the temperature is 100 times that 

corresponding to the ionization potential. Is this reasonable?  Let us compare the size of an atom with 

the average distance between nuclei at the solar center. The atomic radius (according to a simple Bohr 

model) is rH = 0.5 Å = 5 10-11 m. The volume per proton is 32 310  m
H

v m ρ −= ≈ , which corresponds to a 

radius of 1.4 10-11 m. This is much less than the size of a hydrogen atom and hence electron orbitals 

from neighboring atoms would overlap and we cannot then tell which nuclei electrons belong to. This 

effect is called pressure ionization, and is similar to what happens in a metal.  

 

7.9 Free energy approach to ionization 

We can derive the Saha equation for hydrogen by considering the Helmholtz free energy, F, of a number 

of hydrogen atoms, nuclei and electrons in a fixed volume V. The free energy is related to the internal 

energy temperature and entropy by 

 .= −F U TS  (7.9.1) 

In equilibrium at fixed V and T, the free energy is a minimum. 

For point particles the internal energy and entropy are given by 
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where c is a constant. 

Let N0, N+, Ne be the number of atoms nuclei and electrons in V respectively. The free energy due the 

thermal motions of the particles is 
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To get the total free energy, we have to add the contribution, F2, from the bound states of the atoms. 

Making the approximation that all the atoms are in their ground states, 

 2 0 .χ= − HF N  (7.9.5) 

(If U is independent of T, the entropy is zero or a function of V alone, so that F = U.) 
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In equilibrium F is a minimum subject to the constraints of charge neutrality and conservation of nuclei. 

These constraints are 
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where NH is the total number of hydrogen nuclei, whether bound or free. The easiest way to take these 

constraints into account is to use the degree of ionization 
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The total free energy is then given by 
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To find the minimum value of the free energy we need to set its derivative with respect to f to zero:  
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Hence 
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This leads to 
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which is the same form as the earlier expression provided the constants c0, c+, ce are given appropriate 

values. Here =H Hn N V  is the number density of hydrogen nuclei, bound and free. 
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7.10 A crude model for inclusion of pressure ionization in a thermodynamically consistent way 

The van der Waals equation of state is 
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 (7.10.1) 

where b is the volume occupied by a particle and a is constant. This equation of state is formulated by 

assuming that the particles in a gas behave like hard spheres that weakly attract each other. 

To take into account just the excluded volume effects, let a = 0. The pressure is related to the free 

energy by 
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∂= −
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 (7.10.2) 

Hence  

 ( ) ( )ln , ,= − − + ℑF NkT V Nb T N  (7.10.3) 

where ℑ  does not dependent on V. Comparison with the perfect gas equation of state shows that the 

first term in the van der Waals equation of state is obtained by replacing V by V – Nb. 

Making this replacement for the hydrogen atoms (the only extended species of particles under 

consideration), we have that the free energy of our mixture of atoms, nuclei and electrons is 
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where vH is the volume of a hydrogen atom. 

Now we find 
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which leads to 
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and to 
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A comparison with the Saha equation indicates that the ground state occupation probability is 
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 (7.10.8)  

We see that this goes very rapidly to zero as 0 1.→Hn v  This sets an upper limit on the number density 

of hydrogen atoms. The graph below shows the degree of ionization plotted against density for 

temperature 104 and 105 K. We see that at low enough density, hydrogen is completely ionized. As 

density increases, the degree of ionization decreases due to increasing recombination. This continues 

until the atoms begin to overlap. At this point pressure ionization occurs and there is a rapid increase in 

degree of ionization. 
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