3.1 Introduction

Here we consider some possible mechanisms for the source of the energy radiated from stars. For the
Sun and other main sequence stars, we find that the energy comes from nuclear reactions in the core of
the star.

3.2 The Virial Theorem

The virial theorem provides a relationship between some global properties of a star. The virial is defined
to be
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The virial theorem states that
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where K is the kinetic energy of bulk motion of material in the star, and Q is the gravitational binding
energy of the star.

One way to prove this theorem is by direct differentiation of the virial:
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The second term in the integral on the right is equal to 4K. To evaluate the first term, we make use of
the spherically symmetric conservation of momentum equation

&r__dp_ Gm

- _ 3.24
P dr? dr P r ( )
This gives
M 2 M M M
jrd—:dm:ji(—d—P—pG—Tjdm:—jLE m—j@dm. (3.2.5)
o dt o P\ dr r o P dr o T



The first integral on the right is
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If we assume that the pressure at the surface is zero, the first term on the right is identically zero. Then
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The final term to consider is
M
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This is the gravitational binding energy of the star. To see why, consider an isotropic sphere of mass m
and radius r. Outside the sphere the gravitational acceleration is
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where s is the distance from the center of the sphere and fiis the outward normal. Hence outside the
sphere the gravitational potential is
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where, by convention, the zero point for the potential is taken to be at infinity. (Note that this

expression does not hold inside the sphere).The gravitational potential at the surface of the sphere is
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If we add a mass Am to the surface, the gravitational binding energy is incremented by
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Hence by building up the star one shell at a time, we see that Q is the gravitational binding energy of the
star.

Putting the pieces together we have
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3.3 The Virial theorem for stars in hydrostatic equilibrium



For stars in hydrostatic equilibrium, the kinetic energy is zero and also I does not change with time.
Hence

M
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For a perfect gas, the internal energy per unit mass is

Uu=—=—. (3.3.2)
Hence the total internal energy of a star supported by perfect gas pressure is

U =Afudm=§[lf£dm. (3.3.3)

Using the virial theorem, we have for a star in hydrostatic equilibrium supported by perfect gas pressure

2U+Q=0. (3.3.4)
The total energy of the star is
E=U+Q. (3.3.5)
Hence using the virial theorem,
Q
E=-U =3. (3.3.6)

Note that since U is positive, the total energy is negative. This simply means that the star is bound.

The simple result in equation (3.3.6) has some remarkable implications. The total energy of a star can
change if the energy lost by radiation at the surface is not balanced by internal sources of energy.
Suppose that there are no energy sources. The rate of change of total energy is
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where L is the luminosity of the star. Since E = -U, this means that as the star loses energy, it internal
energy increases, i.e. it must get hotter! In other words, a star supported by thermal pressure has a
negative specific heat. From E = Q/2, we also see that as the star loses energy, its binding energy
becomes more negative, i.e. the star must have an overall contraction. We can associate a time scale
with this heating / contraction by making the same crude approximation that was made to estimate the
central temperature i.e. the star has uniform density. In this case
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Hence

dE 1dQ 3 GM?*dR
—= —=-—L. (3.3.9)

dt 2dt 10 R® dr

The radius changes on a time scale
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Because, from the virial theorem, this is also the time scale on which the internal energy of the star
changes, it is called the thermal timescale. It is also often called the Kelvin-Helmholtz timescale, after
the physicists who first considered whether the Sun could shine by releasing gravitational energy
through contraction.

For the Sun,
t, =3 107 yr.

Although this is a long time, 19™ century geologists argued that it is much too short for the observed
weathering of rocks and geological features to have occurred. Later radiological dating of Earth rocks
and meteorites showed that the solar system and hence, by inference, the Sun was at least 4.5 Gyr old.

Hence we are forced to conclude that the Sun has an internal energy source. If this energy source was
chemical in nature (i.e. the energy is stored in bonds between atoms), the Sun’s life time would be
about 7,000 yr. Because nuclear reactions release about 10’ times as much energy per unit mass than
chemical reactions, we see that there is a potentially plentiful supply of nuclear fuel in the Sun.

In the conversion of H to He by nuclear processes about 0.007 of the rest mass energy is converted into
heat and light. The nuclear life time of a star converting H to He (astronomer’s loosely use the term
hydrogen burning for this process) is
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(We shall see later that the Sun and other stars consume only about 10% of their hydrogen while on the
main sequence. Hence main sequence life times are about a factor 10 smaller than the nuclear time
scale.)

3.4 The conservation of energy equation for a star in hydrostatic equilibrium

Consider a spherical shell sandwiched between mass co-ordinates m and m+Am. The internal energy in
the shell is uAm. This can change because 1) radiation flows into and out of the shell, 2) nuclear
reactions can add energy to the shell, 3) the pressure force can do work on the shell, and 4) the
gravitational force can do work on the shell. We will consider these processes in turn.



1) Let the total outward flow of energy be L at the inner boundary and L+AL at the outer boundary
of the shell. (Here L is a local quantity and not the luminosity of the star.) The change in internal

energy in the shell in time 6t due to radiation is
5(uAm), =—ALSt.

2) Let nuclear reactions produce energy per unit mass at rate €. The change in internal energy in
the shell in time 6t due to nuclear energy production is

8(uAm), =eAmét.

3) The pressure force does work at both the inner and outer boundaries, which have radii r and

r+Ar. At the inner boundary, the total force is 4nr2p, and if this boundary moves a distance 6r

in time &t, the work done by this outward directed force on the shell is 47tr*pér = 4nr’pvét,

where v is the material velocity at radius r. Similarly, the work done by the inward directed force
at the outer boundary is —4n(r + Ar)2 (p+Ap)(v+Av)5t. The change in internal energy due

to the work done by the pressure force is
&(uAm), =—4n(r+Ar)(p+Ap)(v+Av) 8t +4nr’pvst =—A(4nr’py)st.

4) The change in internal energy due to the work done by gravity is

&(uAm), =~ Gn:zAm vét.

Adding the four contributions, dividing by 6t and Am, and taking the limits 6t — 0, and Am — 0, we

get
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For a star in hydrostatic equilibrium, the last term is identically zero. The energy equation is then
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The velocity can be eliminated by using the spherically symmetric form of the continuity equation,
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This is more usefully written as
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which is the third equation of stellar structure.
The last two terms are often grouped together and are called the gravo-thermal energy generation rate
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If the composition of the star is not changing, then the laws of thermodynamics allow us to express the
gravo-thermal energy generation rate in terms of the rate of change of entropy
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where s is the entropy per unit mass. This form is useful for conceptual understanding of some aspects
of stellar structure but is not of practical use, because the composition does change due to nuclear
transformations and also because of turbulent mixing processes.

3.5 Stars in thermal equilibrium

A star is in thermal equilibrium if the gravo-thermal energy generation rate is zero everywhere. As a
consequence, the radiative losses at the surface are balanced by nuclear energy sources in the interior.
In thermal equilibrium

a

=¢. 3.5.1
im (3.5.1)

The luminosity at the surface is then
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where € is the mean nuclear energy generation rate.

FortheSun, €=210"Jkg" s

Since the mass — luminosity relation for MS stars is L, ~ M?, we see that € ~M?>. Hence the mean

nuclear energy generation rate is higher in more massive stars. We saw earlier that the central
temperature of MS stars also increases with mass. This is a characteristic of thermonuclear reactions
and indicates that the energy radiated by MS stars comes from nuclear fusion. For nuclear fission, the




rate is independent of temperature and hence the mean nuclear energy generation rate would be
independent of mass.

3.6 Energy transport

There are 3 main ways in which energy moves in a star. These are the familiar processes of radiation,
conduction and convection. (These are not the only mechanisms but are the most common in stellar
interiors. Waves can also transport energy, and wave mechanisms are important for heating stellar
chromospheres and coronae, and for driving cool star winds.) Energy transport by radiation and
conduction are similar in that they depend on collisions of energetic particles with less energetic
particles. They differ in the nature of the particle that carries the energy. Electrons are the dominant
carrier for conduction, whereas photons are responsible for radiative transport.

In most stars, the gas pressure is greater than radiation pressure. The same is true for the internal
energy densities. The internal energy per unit volume of a perfect gas is

PU,g, =%nkT, (3.6.1)

and the internal energy per unit volume of radiation is
pu,, =aT?, (3.6.2)

where a is the radiation constant.

Hence
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At the Sun’s center, pg,s = 2 10" N m™and Prad = 10" N m™. Thus, since the gas has a higher energy
density than radiation, it might be expected that conduction is more important than radiation for energy
transport. However there is another factor that influences the efficiency of energy transport. This is the
mean free path, which is the average distance a particle travels between collisions. A larger mean free
path gives a higher rate of energy transport.

The mean free path, A, is related to the collision cross section, g, by
Ano =1, (3.6.4)
where n is the particle number density.

(Since a particle travels a distance A before colliding with a particle of cross section o there is one
particle in volume Ao. There are n particles in unit volume. Hence Ano=1.)

For thermal particles with Coulomb interactions, we can estimate the cross section by finding the inter-
particle distance at which the Coulomb force affects the particle trajectories. Let the charges on the two



interacting particles be Z;e and Z,e (in electrostatic units). Since the typical kinetic energy of the particles
is ~ kT, the Coulomb energy is comparable when the particle separation is

z2.2,e’
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The cross section is then
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where Tis in K. Hence, for a pure H plasma, the mean free path is
1 T’
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At the center of the Sun, T ~10” K,and p ~100 g cm™. Hence A~10"" cm.

The mean free path of a photon depends on the opacity of the material, which we will consider in more
detail later. At the center of the Sun, most of the electrons are free. A major source of opacity comes
from photons scattering off free electrons. The relevant cross section is the Thomson cross section®
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This is much smaller than a typical cross section from Coulomb interactions, and hence the mean free

path for photons is much larger, A ~ 107 cm. As a consequence, in main sequence stars radiation is
much more efficient than conduction at transporting energy.

3.7 The equation of radiative transfer

We can derive an approximation to the equation of radiative transfer by considering a simple picture of
how radiative transfer works. Consider two plane semi-infinite black bodies with a small temperature
difference separated by one mean free path, so that the photons can travel between the blackbodies
before being scattered or absorbed.

! This is related to the classical electron radius, which is obtained from a classical model of the electron in which
the mass of the electron arises solely from its electrostatic energy.
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The emission per unit area from a blackbody of temperature Tis oT*. Since a black body absorbs all
radiation falling on it, the heat transfer per unit area from the hotter to the cooler body is

H~o(T+AT)' —oT* =40T AT, (3.7.1)
Since
AT:—AEZ, (3.7.2)
dr
we have
H = —40T3Aﬂ. (3.7.3)
dr

(The minus sign arises because heat flows from the hotter to the cooler body, i.e. down the temperature
gradient.)

The opacity, k, is defined by
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A more detailed calculation shows that this is incorrect by a factor of 4/3. The correct result is that the
radiative heat flux is
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where we have used the result that o= ac/4.

The radiative luminosity is the total energy carried by radiation through the surface of a sphere of radius
r,

16acnr*T® dT
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In deriving this result, we have used the diffusion approximation by making the assumption that the
mean free path is much less than the length scale over which the temperature changes.

3.8 Optical depth and effective temperature

The optical depth, 7, is a dimensional measure of integrated absorptivity along the line of sight. It is
defined by

I o (3.8.1)
ar . .8.
The minus sign is so that the optical depth increases inwards. Since kpA =1, we see that the surface of

last “scattering” occurs near optical depth near unity. A detailed treatment of radiative transfer shows
that (for plane parallel atmospheres) the temperature of the stellar material is equal to that of an
equivalent blackbody at optical depth 2/3. This is less than 1 because photons do not all leave the star in
the perfectly radial direction.

The temperature of the equivalent blackbody is called the effective temperature. Provided the
atmosphere is thin, the effective temperature, T, is given by

— 2 4 __ 2 4
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The region of the star from which the observable photons are emitted is called the photosphere. Hence
Tesris @ measure of the temperature of the photosphere.

3.9 Validity of the diffusion approximation

The temperature scale height is
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Hence the ratio of photon mean free path is to temperature scale height is
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At the photosphere,

and so we see that the diffusion approximation is reasonable even in the low density photospheric
regions of the star. The diffusion approximation gets better at higher optical depth.
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