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Stellar pulsations

21.1 Introduction

Many stars show variations in luminosity. The variability can be due to a number of reasons, including
eclipses in binary systems, spots due to local concentrations of magnetic fields, flares, and disk
instabilities. However in many cases the variations are due to pulsations, such as in the classical
Cepheids. The pulsations can be radial or non-radial. In radial pulsations, the star remains spherically
symmetric so that only a single independent variable, usually the Lagrangian variable m, is needed to
describe the variations in luminosity, radius, pressure, etc. Important questions to answer include ‘what
determines the period of pulsation?’, and ‘why do some stars pulsate whilst others do not?’

Here we will consider only radial pulsations. Because the equations that describe the pulsations are non-
linear, they cannot be solved analytically and a numerical approach must be used. In addition to
answering the two questions posed above, the numerical solution also gives the amplitude of the
pulsation, which can be compared to the observed amplitudes. To make the problem analytically
tractable, we will only consider the linearized equations, which will give insight into what determines
the periods and what drives pulsations but cannot tell us anything about the amplitudes of the
pulsations.

21.2 Adiabatic pulsations

The observed pulsation periods are always of order the dynamical time scale of the star, and are much
shorter than the star’s thermal time scale. Hence to determine the pulsation period it is a good first
approximation to ignore heat transfer. The pulsations are then referred to as adiabatic. Because the
entropy of a fluid element does not change during the pulsation, any small change in the pressure dpis

related to the change in density Jdp by

% =T, » (21.2.1)
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where I, is the first adiabatic exponent.

To obtain the equation that describes the pulsation, we need to linearize the continuity and momentum
conservation equations. As above, it is useful to consider the dimensionless relative change in a
quantity. Since

5—;=5ln X, (21.2.2)



it is convenient to introduce the notation 6,X = dIn X, where X is any of the dependent variables.

We first suppose that the star is in hydrostatic equilibrium, so that
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Here the subscript O indicates the equilibrium state, and the subscripted quantities are considered as
functions of the independent variable, m. Next we assume that the star is perturbed, and subsequently
oscillates (much like plucking or striking an ideal string). The radius, for example, is now written as

or
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Substituting expressions like this for the dependent variables in the continuity equation we obtain
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Using the equilibrium equation (21.2.3), expanding the right hand side using the binomial theorem, and
throwing away terms of second order and higher, we obtain the linearized continuity equation

4zr’p, i=—3§r 0,p. (21.2.7)

Since the star is pulsating with a period of order the dynamical time scale, we need to keep the
acceleration term in the momentum equation
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The linearized equation for the development of the perturbations is
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Using equation (21.2.4), this becomes
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From equations (21.2.1) and (21.2.7), we obtain
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It is now convenient to switch to ry(m) as independent variable. The equations become
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Finally by using equation (21.2.13) to eliminate the pressure fluctuation from equation (21.2.12), we get
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This is the most general form of the wave equation for radial adiabatic pulsations.

We can solve it by the method of separation of variables. This leads to a harmonic time dependence
such that §,r o e where w is the angular frequency. With this time dependence, equation (21.2.14)
becomes
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Since this is a second order differential equation, we need to specify two boundary conditions.

Because the coefficient of ddr/dr, is singular at the stellar center, to obtain a regular solution we must
have that d&,r/dr, =0 at ry = 0. The other boundary condition is often taken to be that the surface is a
pressure node, i.e. 6,p =0 at ry = Ry. However, we will find it convenient to specify the outer boundary
condition to make the specific problem at hand as simple as possible.

Before considering the full equation, it is useful to consider two limits. In the short wave length, high
frequency limit, ,r changes rapidly with ry compared to the stellar properties. In this case, the

dominant term in equation (21.2.15) is that containing the second derivative. Hence, in this
approximation
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Locally this has solution 5;’ o " where
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which we recognize as the dispersion relation for waves of traveling at the local sound speed
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In the other long wave length limit, the stellar properties change more rapidly with ry than the
fluctuations. In this case, equation (21.2.15) can be approximated by
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We see that if T, is independent of position, then wave-like solutions exist only if I', > 4/3. Also if this is

the case, the period of oscillation is of order the dynamical time scale. Conversely, if I, < 4/3, then the

star is dynamically unstable.

Multiplying the full equation by r04p0, we can write it as
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Together with the boundary conditions, this equation forms a Sturm - Liouville eigenvalue problem. The
theory of such eigenvalue problems tells us that the eigenvalue is real number and that stable solutions

exist for an infinite set of discrete positive values of the eigenvalue @’. The eigenvalues can then be put

in ascending order a)oz,a)f,a)zz,---, where the subscript then denotes the number of internal nodes in

the corresponding eigenfunction o,r.

21.3 Pulsations of a uniform density star

To get an idea of the form of the eigenfunctions, consider a simple model in which the star has uniform

density and also I, is uniform. The pressure in the equilibrium model is
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The wave equation is then
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Introducing the dimensionless independent variable
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and a new dimensionless eigenvalue
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the wave equation is
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This equation has singular coefficients at both boundaries. The singularity at the center has been taken
care of by specifying the central boundary condition. Similarly, to care of the outer boundary singularity,
we need to specify that —2(5/)/ +Adr =0 atx = 1. We also note that the equation is unchanged by
the substitution x — —x, which indicates that the solution is a function of x.

We proceed by looking for series solutions to equation (21.3.5). We find that the series solution diverges
at x =1, unless it is a polynomial. It is this condition that selects out the allowed eigenvalues. The

simplest polynomial solution is that J,ris a constant. In this case we must have that 4 =0, which

corresponds to frequency
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Since the eigenfunction does not change sign inside the star, this frequency is that of the fundamental
mode.

For the next solution, we try 5,r =1-bx", where b is a constant to be determined. We know that b must

be positive because this eigenfunction corresponds to the first overtone, which must have one internal
node. Substituting this expression into equation (21.3.5), we find

(A1-10b)x—(A—14)bx’ =0. (21.3.7)

Hence we must have A =14and b= 7/5. The corresponding frequency is

87Gp, (5T -2
a)lz\/”p‘)( . ). (21.3.8)

3

The ratio of the frequency of the first overtone to the fundamental frequency is

@ _ |1or, -4 (21.3.9)
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This process can be continued to find the higher overtones. A general solution to the differential
equation can be found in terms of hypergeometric functions’. It can be shown that the solutions are

polynomials only if A =10n+4n’, where n is zero or a positive integer. Hence the frequencies are

(21.3.10)
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For large enough n,
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which shows that the high frequency radial modes have constant separation in frequency, as for the
harmonics of an ideal string.

21.4 Driving mechanisms

The above analysis shows how to obtain the oscillation period, but says nothing about what drives the
pulsation. To understand the driving mechanism, we need to consider the heat exchange around a
pulsation cycle. Suppose we can isolate a gas element and study the changes in its thermodynamic
properties around a pulsation cycle. This element will aid in driving pulsations if it does positive work on
its surrounding over a cycle and will aid in damping pulsations if the work is negative.

The first law of thermodynamics states that the heat absorbed in a small change is equal to the increase
in the internal energy plus the work done by the gas element on its surroundings. In equation form, this
statement is

dQ=dU+dw, (21.4.1)

where dQ is the heat input, dU is the change in internal energy and dW is the work done by the element
on its surroundings. The d is used to denote that the quantity is not an exact differential.

If the element goes through a complete cycle, then the internal energy returns to its initial value. The
total work done over the cycle is

w =<5f>da =Sf)TdS. (21.4.2)

Because the gas element returns to its initial state, the change in entropy over the cycle is zero, i.e.

ngs:gS%da:u (21.4.3)

! The solution is F(a,b;1;1-x) where a = (5 +25+44 )/4 and b= —/1/(5 +25+ 4/1). This is a polynomial only
if —b is zero or a positive integer. Otherwise the solution is divergent at x = 1. The polynomial solutions are
F (—n,n +5/2;5/2; X ) which are proportional to Jacobi polynomials G, (5/2, L1-x )
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Denote the cyclic variation of temperature by
T=T +0T(t), (21.4.4)

where the magnitude of OT is small compared to the mean temperature T,. We have, to first order in

5T’
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Hence the work done is
or
w=¢$da=$—da (21.4.6)
T,
For the work done to be positive, heat should be absorbed when the temperature is high (7 >0) and

heat should be emitted when the temperature is low (8T <0).

For driving of the oscillations, the sum of the work done by all the gas elements in the star should be
positive, i.e.

Tde:T[gﬁ 5T(m)dcz(m)}1m >0. (21.4.7)

21.4.1 The Kappa mechanism

In a star there is a continuous flow of heat through any gas element. The work done by a gas element
will be positive if the heat leakage from the element is reduced on the high temperature part of the
cycle and is increased on the low temperature part of the cycle.

Consider a common situation in which radiation pressure is unimportant, the matter in a gas element is
completely ionized, and its opacity is due to free — free transitions. Suppose the heat transfer over the
cycle is small, so that the changes in the thermodynamic properties of the gas element are quasi-
adiabatic. In this case

o 2% (21.4.8)
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The opacity decreases on the hot part of the cycle, which leads to increased heat leakage. Similarly the
opacity increases on the cool part of the cycle, which dams up the heat flow. Hence in this situation the
work done by the gas element is negative which will tend to damp the oscillation. This is not necessarily



unwelcome. Most stars do not pulsate and in these stars there must be a mechanism to damp out any
tendency to pulsate.

Now consider a gas element in a partial ionization zone, where the opacity is due to bound — free
transitions. Because work done on compression goes into increasing the degree of ionization, rather
than increasing the temperature, the changes in temperature over a pulsation cycle can be must less
than in fully ionized material. For a quasi-adiabatic change

oT o)
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where in an ionization zone I', —1is not much greater than zero. We now have
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The opacity will increase on the hot part of the cycle and decrease on the cool part of the cycle if

I,-1< 2/7. In this case the work done by the gas element is positive and will tend to drive the

pulsation.

For a general opacity law, the condition for driving is

K, +(T,-1)x, >0, (21.4.12)
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We see that driving can also occur if the opacity increases with temperature.

This kappa mechanism is believed to be responsible for most all known pulsating stars. A further
requirement for the k - mechanism to work is that the responsible ionization zone has a location in the
star where the dynamical and thermal time scales are comparable. If the thermal time scale is too long
then there is too little modulation of the heat transfer for the driving to overcome damping in other
parts of the star. If the thermal time scale is too short, then the thermodynamic changes are far from
quasi-adiabatic and the temperature changes over the cycle are too small for driving [ T = 0 in equation
(21.4.6)].

21.4.2 The Epsilon mechanism

Thermonuclear reactions can also provide the driving for pulsations. Since the reaction rates increase
strongly with temperature, nuclear energy generation naturally satisfies the thermodynamic
requirements for positive work. However calculations reveal that, with one possible exception, the
driving from this epsilon mechanism is too small to overcome the damping from parts of the star outside
the thermonuclear energy producing regions. The possible exception is in young brown dwarf stars
where energy is released by the D + p reaction over a sizable part of the interior.



