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10.1 Introduction 

In radiative regions of a star, the diffusion approximation to radiative transfer relates the luminosity to 
the temperature gradient 
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In this expression,κ is the mean opacity of the stellar material. It depends on the composition of the 
material as well as the density and temperature. 

 

10.2 The Rosseland mean opacity 

If matter and radiation are in thermal equilibrium, the distribution of the specific intensity of the 
radiation with frequency is given by the Planck function 
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( )B T dν ν is the energy in frequency interval ν to dν ν+ that crosses unit area in unit time into unit 

solid angle. 

In exact thermal equilibrium there is equal flow of radiation in all directions. Inside a star there is a flow 
of radiation, and hence there must be deviation from exact thermal equilibrium. However in stellar 
interiors the deviations from the Planck distribution are small. 

Photons of different energy will be absorbed at different rates that depend on the thermal state of the 
stellar material. Hence opacity is a function of frequency, which we will denote by .νκ  In equation 

(10.1.1), the opacity is an average over frequency.  Here we will sketch how this averaging should be 
done. There are two factors that need to be taken into consideration.  

The first consideration is that we should average the ‘conductivity’, i.e., the inverse of the opacity 
instead of the opacity. This can be shown from a simple picture in which the opacity is high in a single 
frequency interval and low at all other frequencies.  Photons of energies corresponding to the high 
opacity frequencies will be readily absorbed (or scattered) and photons of other energies are readily 
transmitted. In thermal equilibrium, the energy of the absorbed photons must be re-emitted (otherwise 
the temperature would change) and the emitted photons will have a Planck distribution. Hence the 
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energy flux is mainly carried by photons with frequencies at which the opacity is low, i.e., frequencies at 
which the ‘conductivity’ is high. This indicates that rather than averaging the opacity, it is more 
appropriate to consider an average of its inverse so as to give greater weight to frequencies where the 
opacity is lower than average. 

The second consideration is how the energy distribution of the photons enters in to the average. As 
shown earlier, the radiative energy flux is proportional to the gradient of the frequency – integrated 
Planck function.  Hence the flux carried by photons of frequency ν is 
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This two considerations indicate that the appropriate opacity average is 
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This is the Rosseland mean opacity. 

We see that the important frequency intervals for determining the opacity will be those where νκ is 

small and those where νdB dT is large. From (10.2.1), 
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By letting ,u h kTν= we have 
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Since 
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we find that ( )g u is maximum when 
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which has solution u = 4.928. 
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Hence frequencies near 5kT h  are important for determining the opacity. For comparison, the Planck 
function peaks near u = 2.82. 

 

10.3 Opacity mechanisms 

Opacity is due to both scattering and absorption. Absorption processes include bound – bound, bound – 
free and free – free electron transitions. 

In bound – bound absorption, a photon is destroyed in exciting a bound state of an atom or ion to a 
higher energy bound state. The energy of the photon is equal to the difference in the energy of the two 
bound states 
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These transitions are responsible for absorption lines in stellar spectra. (If the photon is re-emitted by a 
downward transition, the photon has essentially just been scattered. However the excited state can be 
collisionally de-excited in which the energy goes into the kinetic energy of the colliding particles. In this 
case, we have true absorption of the photon.  The relative rates of collisional and photo- de-excitation 
depend on the particle density.) 

In bound – free absorption, a photon is destroyed in removing an electron from an atom or an ion. This 
is also called photo-ionization. The photon energy must exceed a threshold for this process to occur and 
gives rise to absorption edges in stellar spectra. 

In free – free absorption, a photon is destroyed in moving an electron to a higher continuum energy 
state in the vicinity of a charged particle. The charge particle is required to simultaneously conserve 
energy and momentum.  This process cannot occur for unaccompanied electrons. 

An electromagnetic wave incident on an electron accelerates the electron. Since accelerated charged 
particles radiate, radiation will be emitted. Since the energy of the emitted radiation comes from that of 
the incident electromagnetic wave, part of the incident wave has been scattered by the electron. If the 
energy of the incident photons is much less than the rest mass energy of the electron, the electron is 
barely moved by the collision and hence the collision cross section is independent of the photon 
frequency. This is the case for Thomson scattering. 

For true absorption processes, stimulated emission reduces the opacity. Stimulated emission occurs 
when a photon induces a downward transition in energy. For a b – b transition, the stimulating photon 
must have the same energy as the emitted photon. In the presence of a population inversion, this can 
give rise to light amplification as in the LASER. 

 

10.4 Electron scattering opacity 

The Thomson cross section is 
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The opacity is related to the cross section by 

 .κρ nσ=  (10.4.2) 

Hence the electron scattering opacity is 
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10.5 Free – free opacity 

For a mixture of electrons and charged particles of atomic mass A and charge Z, the free – free opacity is 
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where ne is the electron number density in units of electrons per m3.  

If this were the only opacity process, the integrals in the Rosseland mean opacity can be evaluated to 
give 
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Since this was first derived by Kramers, a dependence of opacity on density and temperature of this 
form is called a Kramers’ opacity law. 

If we compare the free – free opacity to the that from electron scattering for pure hydrogen  
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we see that the transition line is 
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This shows that both electron scattering and free – free absorption are important contributors to the 
opacity at the solar center. Bound – free and bound – bound absorption are less important because of 
the high ionization state of the solar interior. 

 

10.6 Bound – free opacity 
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 For a bound state of energy, E, below the continuum, the photo – ionization cross section is of form 
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Typically 3.n ≈  The opacity also depends on the occupation number of the state which is given by a 
Boltzmann factor.  Hence the contribution to the opacity from a single ionic species schematically looks 
like 

 

Low energy photons can only ionize highly excited states. In the absence of interactions, these states 
can be well populated at high enough temperature and hence the opacity can be relatively high. As the 
photon energy increases, the cross section for photo-ionization decreases and hence the opacity 
decreases with frequency except when the photon energy first exceeds the threshold for ionization of a 
more tightly bound state. The schematic is based on the ionization of atomic hydrogen at low density, 
and a temperature of 12,000 K. The frequency unit is the frequency of the Lyman limit. The details of the 
opacity at low frequency are relatively unimportant for the Rosseland mean opacity because the peak of 
the dB dTν weighting factor is at much higher frequency.  

Since many species contribute to the bound – free opacity, the calculation of its contribution to the 
Rosseland mean opacity is difficult and requires careful consideration of the affects of particle 
interactions on the populations of excited states as well as on ionization. 

Since bound – free opacity is associated with photo – ionization, there is usually an increase in opacity 
for temperature – density conditions associated with ionization of a common element. 
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10.7 Bound – bound opacity 

The opacity for a bound – bound transition can be estimated by considering the electron to be a 
damped harmonic oscillator driven by the oscillating electric field of the electromagnetic radiation. The 
equation of motion of the electron is 
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where 
0

ω is the natural frequency of the oscillator and ω is the frequency of the driving electric field of 

amplitude E0. The damping constant γ arises because, as it oscillates, the electron will radiate away 
energy.  In the classical picture, γ is estimated as follows. According to classical electromagnetic theory, 
the total power radiated in all directions by a particle undergoing acceleration, a, is 
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For a particle undergoing harmonic motion with frequency ω and amplitude x0, the time averaged 
power radiated is  
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Equating this with the time averaged rate at which work is done by the damping force, we obtain 
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For spectral lines in the optical part of the spectrum, 8 1
10 , sγ −∼  which is small compared to the 

frequency of the spectral line, 15 1
310 .sω −∼  

The (long term) physical solution to equation (10.7.1) is 
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Since the particle acceleration is 2
,a xω= − the time averaged power radiated is, from equation (10.7.2), 
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This is to be interpreted as the power scattered out of a beam of energy density 2

0
8 ,E π  so that 
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Comparing equations (10.7.6) and (10.7.7), we find 
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Since ,γ ω≪ the absorption cross section is sharply peaked near 
0
.ω ω=  To a good approximation, 
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0

ω
everywhere else that it appears in equation (10.7.8) and also in equation (10.7.4) for the damping 
constant. Making this substitution in equation (10.7.8) and using equation (10.7.4), we get 
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The integral of this expression over frequency is called the total cross section (but note that it has 
dimensions of area divided by time). It is useful as a normalization factor for the absorption cross section 
and is a measure of the strength of the absorption line. The integration is 
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Hence 
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This is called a Lorentz profile. 

The classical analysis predicts a unique scattering efficiency for all transitions. This is not surprising 
because it makes no reference to the actual atomic structure. A quantum mechanical treatment shows 
that the total cross sections for different transitions can differ by many orders of magnitude. A 
customary way of taking this into account is by introducing the oscillator strength of the transition, 
which is usually denoted by f. In a sense, f is the effective number of classical oscillators involved in the 
transition. 

In calculating the Rosseland mean opacity, line broadening must be accounted for. Line broadening 
arises from the Doppler shift associated with thermal motions of the absorbing particles and from 
interactions with other particles during the absorption of the photon. 

  

10.8 The Rosseland mean opacity for solar composition material 
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In main sequence stars, the density varies with temperature like 3
.Tρ ∼  Hence to get a square grid of 

opacity data, it is more convenient to use, instead of density, a new variable 3

6
,r Tρ=  where T6 is the 

temperature in units of 106 K. Contours of opacity are shown below for near solar composition material 
with mass fractions X = 0.7, Z = 0.02. 

 

Here density and opacity are in cgs units. The irregular cut out at top right is where opacity data has not 
been calculated. The contours are labeled with the logarithm of the opacity. We see that in general 
opacity increases with r at constant T. If r is kept fixed, we see that the opacity is low at low 
temperature, initially increases with temperature, reaches a maximum, and then declines as 
temperature increases further before reaching a plateau level. This behavior can be explained as 
follows. At low temperature, most of the elements are in their neutral atomic states. Only bound – 
bound transitions contribute to the opacity, and only weakly because only low lying states are 
populated. At slightly higher temperature, upper states are excited and bound – free transitions begin to 
occur. These give a steep increase in opacity. Once the major species are ionized, bound – free opacity 
becomes less important and free – free opacity dominates. This decreases with temperature and hence 
the opacity decreases until electron scattering becomes the dominant opacity source. 

This behavior can be clearly seen when opacity is plotted against temperature at fixed r. 
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The peaks in opacity are due to ionization of H at T = 104 K, He at T = 4 104 K, iron peak elements at T = 
2.5 105 K. The peak at T = 2 106 K is also mainly due to ionization of iron peak elements, with a small 
contribution from ionization of O.  

 

3 4 5 6 7 8

log T (K)

-2

-1

0

1

lo
g
 κ

 (
g
 c

m
-2

)

Opacity for Z = 0.02 at r =10-4


