
Fall 2002 PHYS 607

Homework Set 4.

Problem 1. In various electrodynamics problems one encounters

Laplacian operator ∇2 acting on functions {φ(x)} which are defined in

some finite or infinite volume of space. What boundary conditions should

be imposed on these functions in order that ∇2 be Hermitian operator?

Problem 2. Let |a1〉 = (1, 1,−1) and |a2〉 = (−2, 1,−1).

(a) Construct (in the form of a matrix) the projection operators P̂1 and

P̂2 that project on the direction of |a1〉 and |a2〉, respectively. Verify that

they are indeed projection operators.

(b) Construct (in the form of a matrix) the operator P̂ = P̂1 + P̂2 and

verify directly that it is a projection operator.

(c) Let P̂ act on an arbitrary vector (x, y, z). What is the dot (i.e.,

scalar) product of the resulting vector with the vector |a1〉 × |a2〉? What

can you say about P̂ and your conclusion in (b)?

Problem 3. Find the matrix representation of a derivative operator

D̂x(t) =
∑

2

k=1
kαkt

k−1, acting on the vectors |x(t)〉 =
∑

2

k=0
αkt

k of

space Pc
3[t], in the basis: (a) standard {1, t, t2} and (b) orthonormal with

respect to scalar product 〈x|y〉 =
∫

1

−1
x∗(t)y(t) dt (hint: use the results

of Homework Set 2.).

Problem 4. Prove the Baker-Campbell-Hausdorff formula for opera-

tors (or matrices as a special case of operators acting in
� n or � n):

eαÂB̂e−αÂ = B̂ + [Â, B̂]α +
1

2!
[Â, [Â, B̂]]α2 +

1

3!
[Â, [Â, [Â, B̂]]]α3 + . . .

where exponential of an operator is formally defined by eÂ =
∑∞

k=0

Âk

k!

and α is a complex parameter.

Utilize BCH formula to evaluate eiĤt/ � X̂e−iĤt/ � where X̂ is the po-

sition operator and Ĥ = P̂ 2/2m is the free-particle Hamiltonian, with

P̂ denoting the momentum operator. The commutator of X̂ and P̂ is

[X̂, P̂ ] = i � .
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