
QUANTUM TRANSPORT
1. Introdu
tionThe des
ription of ele
troni
 
ondu
tion implies two levels whi
h seem at �rstsight dis
onne
ted : one is mi
ros
opi
 and the other is ma
ros
opi
.The mi
ros
opi
 level:From the birth of quantum me
hani
s, a des
ription on the atomi
 s
ale gave riseto a 
lassi�
ation of the 
ondu
tors in metals, insulators or semi
ondu
tors. One 
andivide the propagation of ele
troni
 waves through the atomi
 latti
e in eigenmodes(Blo
h waves) whi
h in turn gather up in energybands. The Pauli prin
iple appliedto the �lling of the states brings the de�nition of a Fermi energy around whi
h thepropagation of the ele
tron is des
ribed by an e�e
tive Hamiltonian �h2k2=2m� wherem� is a positive or negative band mass, possibly anisotropi
 (tensor), related to theband 
urvature of the 
onsidered energy domain and k the waveve
tor of the Blo
hwave.The ma
ros
opi
 level:The 
ondu
tor is 
ara
terized by a � lo
al 
ondu
tivity, i.e. de�ned everywhere.From this, one de�nes a 
ondu
tan
e G = ��=L (� is the 
ross se
tion and L is thelength). Ohm's law applies and, with Kir
hho�'s laws, one gets relations between
urrent and voltage. The ma
ros
opi
 parameter � is related to mi
ros
opi
 quan-tities through the Drude's formula: � = ne2�=m� where n is the ele
troni
 densityand � is an average relaxation time. Condu
tivity 
an be derived through a semi-
lassi
al linear response theory (Boltzmann) where one establishes a 
urrent density~j in response to a lo
al ele
tri
 �eld ~E. The time � is introdu
ed phenomenologi
allyor 
an be derived from mi
ros
opi
 
onsiderations, using, e.g. the Fermi golden rule.In the 
ase where � represents the inelasti
 s
attering time of ele
trons weakly 
ou-pled with their environment (phonons, photons, et
.) the Fermi golden rule workswell. In the 
ase where � represents the inelasti
 s
attering time of ele
trons withseveral impurities or on an extended potential, one needs to go beyond a perturba-tive approa
h. On the other hand, 
ondu
tivity be
omes non lo
al on this lengths
ale for two reasons. First, it makes sense only if one 
onsiders many elasti
 s
atter-ing lengths so that one obtains a statisti
al average and, in the 
ase of an extendedpotential, only if one 
onsiders the whole potential. Then, there is a 
hara
teristi
length `' 
alled quantum 
oheren
e length, below whi
h every possible ele
troni
paths interfere in a quantum manner This means that the system 
annot be 
utin subsets, or, more pre
isely, although su
h a 
utting is theoreti
ally possible withsome pre
autions, the result of observables for any measure makes no sense below `'.The mesos
opi
 s
ale: Thus a 
omplete des
ription of ele
troni
 transport bringsthe mesos
opi
 length `' inbetween quantum and 
lassi
al des
riptions. There is a1



general approa
h of the quantum theory of linear response, 
alled the Kubo ap-proa
h, whi
h allows to des
ribe 
ompletely the ele
troni
 transport and to estab-lish exa
t relations between di�erent physi
al quantities, as for instan
e a relationbetween the 
ondu
tivity 
oeÆ
ients and the 
orrelation fun
tion of the 
urrent
u
tuations. To use it, one must in general solve the Hamiltonian on the s
ale `'.However, it appears that the Kubo formalism is not intuitive for simple transportproblems on the s
ale `', as those we are going to 
onsider. We shall rather presentan approa
h developped during the last �fteen years, whi
h, thanks to intera
tionsbetween theory and mi
rofabri
ation te
hnology, allowed to 
he
k these 
on
eptsat the s
ale `'. This is the quantum s
attering theory, also 
alled the Landauerapproa
h. There is a demonstration whi
h shows the equivalen
e of this approa
hwith the one of Kubo.On the s
ale `', the lo
al 
ondu
tivity � makes no sense; however one 
an de�nea 
ondu
tan
e G. It 
onne
ts the 
urrent I going through the mesos
opi
 
ondu
-tor pla
ed between two ma
ros
opi
 areas separated by `', to the ele
tro
hemi
alpotential di�eren
e �� = eV applied between those two areas: I = (e=h)T�� =(e2=h)TV . This is the Landauer formula. T = Pn Tn is the sum of the transmission
oeÆ
ients of the ele
troni
 waves propagating through the mesos
opi
 
ondu
tor.The more the 
ondu
tor is transmitting, the more it is 
ondu
ting. Being 
arefull,one 
an use all the intuition a
quired on wave propagation, like in wave opti
s, forinstan
e, and foresee the 
ondu
tan
e by 
onsidering the 
ondu
tor as an ele
troni
wave guide (regardless of its 
omplexity). The quantity e2=h = 1=(25812:8056
) isthe quantum of 
ondu
tan
e.Typi
al values for `' are 10 to 30 nm for metals or doped semi
ondu
tors at roomtemperature. At low temperatures (lower than 1 Kelvin), in rather 
lean metals, `'rea
hes the mi
ron and even, ex
eptionally and at lower temperatures, a hundredof mi
rons for some 
opper mono
ristals. For two-dimensional metals realised insemi
ondu
tors, `' rea
hes typi
ally 10 �m.The quantum s
attering theory gave a number of results. Some of them arepresented here:� Resistivity of metals at low temperatures: weak lo
alization (in
rease of resis-tan
e due to reinfor
ement of ele
troni
 waves ba
ks
attering through quantum
oheren
e), universal 
ondu
tan
e 
u
tuations (interferen
es between ele
-troni
 waves give rise to small irregular but reprodu
ible variations, of theorder e2=h, when a parameter like the magneti
 �eld is varied).� Violation of Ohm's law below `': non additivity of resistan
es, (apparently)negative resistan
es. (Above `' resistan
es are 
lassi
ally added and thus themesos
opi
 approa
h in
ludes in itself the ma
ros
opi
 des
ription).� Interferen
es of ele
troni
 waves: a mode transmission represents the squareof a transmission amplitude. Therefore, when ele
trons take two paths witha probabililty amplitude a1 = ja1jei'1 and a2 = ja2jei'2 respe
tively, the totaltransmission T = ja1 + a2j2 exhibits os
illations with a phase di�eren
e of'1 � '2. 2



� Condu
tan
e quantization: in narrow 
ondu
tors of width similar to the ele
-troni
 wave length, the number of transmitted modes 
an be sele
tively 
on-trolled. A

ording to Landauer formula, the 
ondu
tan
e shows quantizedsteps of e2=h. Further in the lesson, the relation between these steps and themetrologi
al quantization of 
ondu
tan
e in the quantum Hall regime will beshown.� Resonant tunnel e�e
t: ele
trons propagating between two barriers exhibitinterferen
es, whi
h lead to a resonan
e in the 
ondu
tan
e when they are
onstru
tive. This is the 
orresponding ele
troni
 system for the Fabry-Perrotresonator in opti
s. Devi
es based on this e�e
t are usually realised in ele
-troni
s.� Tunnel spe
tros
opy: quantum boxes are submi
roni
 dots for ele
trons. They
an be seen as arti�
ial atoms. In the Landauer approa
h, the resonant tunnele�e
t allows to interpret the tunnel spe
tros
opy of these obje
ts in a simpleway.� The so 
alled proximity e�e
ts, where super
ondu
tivity 
ontaminates a nor-mal metal in an hybrid normal-supra
ondu
tor jun
tion, have been reviewedusing the Landauer approa
h. Many e�e
ts have been explained and new oneshave been unveiled.The list seems rather long (even if in
omplete). During the lessons, several ofthese subje
ts will be explained more into details. Ele
troni
 intera
tions will alsobe 
onsidered. If one 
ompares the intera
tion energy � e2=4�""0a of ele
trons in ametal for instan
e, it is of the same order as the quantum kineti
 energy � h2=m�a2(a is here the average distan
e between the ele
trons). In fa
t, there is simply asmall mira
le whi
h makes that in more than two dimensions, ex
itations whi
h
arry 
urrent in a metal are quasiparti
les with properties similar to those of quasi-independant ele
trons (they 
an be seen as real ele
trons surrounded by a neutral
loud of s
reening 
harges whi
h redu
e the long range Coulomb intera
tion).However, in low dimensions, the e�e
t of intera
tions be
omes 
ru
ial. In the
ase of a metal dot or a quantum box suÆ
iently isolated (zero dimension), inter-a
tions give rise to the Coulomb blo
kade phenomenon. The arrival and departureof ele
trons from the quantum dot 
hange the neutrality and 
ost an energy e2=2Cwhere C is the 
apa
itan
e of the quantum dot. This e�e
t arises in some meso-s
opi
 systems and leads to the observation of 
harge quantization, whi
h has beenused to built up ele
trometers having a sensitivity up to 10�5e. An appli
ationin fundamental metrology is in pro
ess and indire
t appli
ations of this e�e
t arealready used to realize memories for mi
ro
hips.
3
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2. The quantum of 
ondu
tan
e2.1. The 
urrent 
arried by one modeConsider an ideal one-dimensional 
ondu
ting wire of length L whi
h tends toin�nity. To simplify, spin degenera
y will be omitted in a �rst step.
1__
L

e
i k x

0 L

x

An ele
tron propagating from the left to the right is des
ribed by a wavefun
tion:'k = 1pL exp(ikx) (1)
orresponding to an energy: "k = �h22mk2 (2)The 
urrent 
arried by this mode isik = eLh'kjv̂j'ki = eL �hkm (3)and the one 
arried by ele
trons having the energies "k 2 [E;E + �E℄ and propa-gating to the right is:IE;E+�E = L2� Z k(E+�E)k(E) ikdk = L2� Z E+�EE ik dkd"k d"k= eh�E (4)Suppose now that the wire is 
onne
ted on the left to a reservoir of ele
tronshaving a 
hemi
al potential �1 and emitting ele
trons to the right (k > 0) and that itis also 
onne
ted on the right to a reservoir having a 
hemi
al potential �2 = �1�eVand emitting ele
trons to the left (k < 0).The total 
urrent I is:I = L2� Z k(�1)0 ikdk + L2� Z k(�2)0 i�kdk ave
 i�k = � eL �hkm= eh (�1 � �2)= e2h V (5)5
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The previous result is very fundamental: the 
ondu
tan
e asso
iated to an ele
-troni
 mode is exa
tly e2=h. This is the basis of the Landauer approa
h of quantumtransport.2.2. The 
urrent 
arried by many perfe
tly transmitted modes:Consider a 
ondu
tor of �nite 
ross se
tion. To simplify, one supposes that isa plane 
ondu
tor where, in a band of width w, the ele
trons are 
on�ned by anabrupt wall.A mode propagating to the right is de�ned by two indi
es: a wave ve
tor k in thedire
tion x̂ and an integer n whi
h 
ara
terizes the 
on�nment in the ŷ transversaldire
tion. The energy and the wavefun
tion are respe
tively:"k;n = �h22m "�2n�w �2 + k2# (6)'k;n = � 2Lw�1=2 sin�2�nyw � exp(ikx) (7)As previously, the elementary 
urrent is:ik;n = eLh'k;njv̂j'k;ni = eL �hkm (8)If now the 
ondu
tor is pla
ed inbetween two reservoirs having the 
hemi
alpotential �1 and �2 = �1 � eV , with eV ! 0, the total 
urrent reads:I = L2� Xn 24Z k[�1� h22m(2�nw )2℄0 ikdk + L2� Z k[�2� h22m( 2�nw )2℄0 i�kdk35= eh NmaxXn=1 eV= Nmax e2h V (9)6
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where Nmax 
orresponds to the last o

upied subband, i.e.,�h22m �Nmax�w �2 < �1 � �2 < �h22m  (Nmax + 1)�w !2 :Every o

upied eigenmode 
ontributes to the 
ondu
tan
e with a quantity e2=h.If there is spin degenera
y, the quantum of 
ondu
tan
e asso
iated to a mode willbe doubled: 2e2=h.REMARK: If one knows how to 
onstru
t su
h a 
ondu
tor, being a real waveg-uide for ele
trons, and if one varies the 
hemi
al potential, one expe
ts to see a stepin the 
ondu
tan
e ea
h time a new subband is o

upied. The 
ondu
tan
e \
ounts"the number of transmitted modes. Su
h 
ondu
tors exist: the quantum dots. Youwill see this during the exer
ises.3. The Landauer formula3.1. Di�usion of an ele
tron by a lo
alized potential3.1.1. Reminder:Conservation of the probability 
urrent. For a 
onservative system (HamiltonianH = j~pj2=2m+ V (~r) time independent) the probability 
urrent is de�ned as~j(~r) = 12m n'�(�i�h~r') + (i�h~r'�)'o (10)so that div( ~j(~r) = 0: (11)As one 
an seediv n'�(�i�h~r') + (i�h~r'�)'o =n~r'�(�i�h~r') + (i�h~r'�)~r'� '�(i�h�') + (i�h�'�)'o = 0 (12)7



using the fa
t that '��' = (2m=�h2)(E � V (~r))'�'. Noti
e that if the spatialdependen
e of the wavefun
tion is a real fun
tion, then ~j(~r) = ~0. This is the 
ase,for instan
e, of a vanishing wave � exp(��x) or a stationary wave � 
os(kx). Onthe other hand ~j(~r) 6= ~0 for a progressive wave like exp(ikx).Consider now the folling example of a lo
alized potential. For " > U , an in
omingwave from the left exp(ikgx) is at the same time re
e
ted tot the left as exp(�ikgx)and transmitted to the right as exp(ikdx). Sin
e the 
urrent is 
onserved, jd = jg, oneshould think on the probability 
urrent amplitudes rather than on the probabilityamplitudes. Thus we will 
onsider an unit in
oming 
urrent from whi
h we willdedu
e the re
e
tion r and transmission t amplitudes.'g(x) =  m�hkg!1=2 �eikgx + re�ikgx� for x � 0 and " = �h22mk2g ; (13)'d(x) = � m�hkd�1=2 t eikdx for x � 0 and "� U = �h22mk2d: (14)Rewritting 
ontinuity for the probability 
urrent amplitude and its derivative, onegets: 1 + r = t  kgkd!1=2 (15)1� r = t  kdkg!1=2 (16)and de�ning eta = kd=kg the expressions for the transmitted and re
e
ted ampli-tudes read t = 2�1=21 + � r = 1� �1 + � (17)Again for energies " > U , one 
an 
onsider an in
oming wave from the right withunit probability 
urrent amplitude whi
h is re
e
ted to the right with an amplituder0 and transmitted to the left with an amplitude t0:'0d(x) = � m�hkd�1=2 �eikdx + r0e�ikdx� for x � 0 and "� U = �h22mk2d; (18)'0g(x) =  m�hkg!1=2 t0 eikgx for x � 0 and " = �h22mk2g : (19)One �nds then: t0 = t et r0 = �r:This simple example allows us to introdu
t the di�usion matrix S whi
h 
onne
tsthe probability 
urrent amplitudes in
oming in the region responsible for di�usion(here the potential step) with the out
oming probability 
urrent amplitudes, or inother words whi
h 
onne
ts the in
oming waves with the out
oming transmitted orre
e
ted waves.  'sg'sd ! =  r t0t r0 !  'eg'ed ! (20)8



S =  r t0t r0 ! =  r tt � r ! : (21)An important property of S is its unitarity whi
h results from the 
urrent 
onserva-tion. A
tually: ���'sg���2 + j'sdj2 = �'sg 'sd� 'sg'sd ! (22)= ��'eg 'ed�Sy� S  'eg'ed !! (23)= ���'eg���2 + j'edj2 (24)if SyS = 1This implies the relations:jrj2 + jtj2 = jr0j2 + jt0j2 = 1 (25)r�t0 + t�r0 = 0 (26)whi
h 
an be easily veri�ed with the parti
ular example 
onsidered here. Twoimportant quantities appear: T = jtj2 transmission (27)R = jrj2 refle
tion (28)R + T = 1 (29)whi
h represent the transmission and re
e
tion probabilities. One 
an dire
tly mea-sure these quantities in a transport experiment.Before going further, 
onsider the 
ase of the vanishing wave on the right for0 � " < U . De�ning � = �d=�g where U � " = �h2�2d=2m one �nds easilyf = 1� i�1 + i� = exp(�iÆ) (30)The wave is 
ompletely re
e
ted jrj2 = R = 1. One noti
es the dephasing Æ, sothat tan(Æ=2) = �d=�g, whi
h 
orresponds to the delay that the wave took during\visiting" virtually the region to the right.3.1.2. Condu
tan
e at zero temperature:Lets 
ompute the 
ondu
tan
e within the same example and the zero tempera-ture limit. Only the energies greater than U will interfene sin
e in the other 
asethe wave is 
ompletely re
e
ted. It is supposed that the ele
trons emitted from theleft 
ome from a reservoir with a 
hemi
al potential �g > U . This means that thein
oming waves from the left, with energy 0 � " � �g, are ea
h one o

upied with9



one ele
tron. In the same way, it is supposed that on the right side the wire is inequilibrium with a reservoir with 
hemi
al potential �d > U . The in
oming wavesfrom the right, with energy U � " � �d, are ea
h one o

upied with one ele
tron.This results in 
hemi
al potential di�eren
e of �g � �d = eV . To 
ompute the total
urrent, it is enough to 
onsider for instan
e the 
ase x > 0.The 
urrent from the left is:ig = eh Z �gU d" jt(")j2 (31)and that from the right: id = eh Z �dU d"� eh Z �dU d" jr(")j2 (32)Therefore the total 
urrent is I = ig � id:I = eh Z �g�d d" jt(")j2 (33)For V ! 0 one de�nes the 
ondu
tan
e G = I=V :G = jt("F )j2 e2h (34)is the Landauer formula. The 
ondu
tan
e is the transmission.Exer
ixe: verify dire
tly that for the 
ase x < 0 one gets the same result.
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